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Abstract—The Algebraic Differential Evolution (ADE) is a recently proposed combinatorial evolutionary scheme which mimics
the behaviour of the classical Differential Evolution (DE) in discrete search spaces which can be represented as finitely generated
groups. ADE has been successfully applied to both permutation
and binary optimization problems. However, in the previous
works, the relationship between ADE and the classical continuous
DE has been only intuitively sketched without any theoretical
or experimental proof. Here, we fill this gap by providing both
theoretical and experimental justifications proving that ADE is
a full-fledged generalization of DE which works across different
search spaces. First, we formally prove that there exists a concrete
implementation of ADE’s algebraic operations converging to the
classical vector operations of DE, then we propose a real-vector
implementation of ADE and we experimentally prove that its
behaviour is statistically equivalent to DE. As conclusion, we
also pave the way for further applications of the original DE
idea to mixed discrete/continuous search spaces.
Index Terms—Differential Evolution, Algebraic Differential
Evolution, Search spaces, Theoretical analysis

I. I NTRODUCTION AND R ELATED W ORK
The Algebraic Differential Evolution (ADE) [1] is a recently
proposed combinatorial variant of the classical continuous Differential Evolution (DE) scheme [2] which obtained interesting
results on some combinatorial optimization problems.
ADE is an abstract algorithmic scheme, built on the basis
of solid group theory concepts [3], which can be instantiated
for different combinatorial spaces and representations such as
permutations and binary strings.
In [4] and [5], ADE has been applied to the Permutation
Flowshop Scheduling Problem (PFSP) obtaining, respectively,
state-of-the-art results for the total flowtime criterion [4] and
competitive performances for the makespan objective [5].
Another permutation-based problem successfully addressed
by ADE is the Linear Ordering Problem (LOP) investigated
in [6]. Then, in [7], a multi-neighborhood version of ADE
obtained new state-of-the-art results on the cumulative-costs
variant of the LOP. Still with regard to problems whose
solutions can be represented by permutations of items, ADE
has also been successfully applied to the Traveling Salesman
Problem (TSP) and the Single Row Facility Layout Problem
(SRFLP) in [8] and [9], respectively. Binary instantiations of
ADE have been proposed in [3] and [10] for, respectively,
artificial NK-Landscape benchmarks and the MultiDimensional TwoWay Number Partitioning Problem (MDTWNPP).

In particular, new state-of-the-art results for the MDTWNPP
have been obtained. Furthermore, an implementation of ADE
for a composite genotype encoding, formed by a permutation
and a bit-string, has been designed in [11] for learning the
structure of Bayesian networks from data, while an adaptation
for non-group spaces is provided in [12] for the representation
of permutations with repetition.
Besides ADE, in literature there are other approaches for
making DE work in combinatorial spaces like e.g. [13]
and [14] for the binary representation and [15] for the permutations space. They work by separating the genotype and
phenotype representations, i.e., a solution is represented as a
real-vector and evolved by DE as usual, then, it is decoded
to the discrete phenotype just before its evaluation. However,
this decoder-based approach has been criticized in [3], which
provides theoretical and experimental arguments showing that
the commonly understood behaviour of the DE search in the
continuous space is completely lost when the search progress
is observed in the phenotypic discrete space.
Conversely, the ADE approach does not suffer from this issue. Nevertheless, the parallels between the search behaviours,
of ADE in the discrete space and of DE in the continuous
space, have only been drawn by means of intuition. Neither
theoretical nor experimental proofs have been given before.
Here, we fill this gap by providing both theoretical and
experimental justifications proving that ADE is a full-fledged
generalization of DE.
We follow this line:
1) we introduce an implementation of the algebraic framework for the space of integer vectors;
2) we show that this integer instantiation is isomorphic to
a set of real vectors denoted by Rnh and parameterized
by a positive value h ∈ R+ ;
3) we introduce an implementation of ADE, namely
ADE-RV, working on the real vectors of Rnh ;
4) we theoretically prove that ADE-RV operations converge
to the operations of the original DE when h tends to
zero;
5) we experimentally prove that, by setting h to a small
enough value, the search behaviour of ADE-RV is
statistically equivalent to that of DE on a number of
widely adopted benchmark problems.

This will show that ADE is an abstract scheme which
generalizes and subsumes the classical DE, making it possible
to apply, in a principled way, the same searching behaviour of
DE across different kinds of search spaces.
The rest of the paper is organized as follows. The abstract scheme of ADE is briefly recalled in Section II, while
Section III describes the algebraic framework on which the
ADE operations are based. The implementation of ADE for
real vectors, i.e. ADE-RV, is introduced in Section IV. Then,
Section V provides a theoretical proof that ADE-RV operations
are equivalent, in the limit, to the vector operations of the classical DE, while Section VI provides experimental evidences
that ADE-RV behaves like its classical counterpart. Finally,
conclusions are drawn in Section VII, where important future
lines of research are also depicted.
II. A BSTRACT A LGEBRAIC D IFFERENTIAL E VOLUTION
While the classical Differential Evolution (DE) [1] aims
at optimizing a numerical objective function of the form
f : Rn → R, the Algebraic Differential Evolution (ADE) [4]
tackles optimization problems of the form f : X → R, where
the domain X is a set of discrete candidate solutions which
satisfies the properties of a finitely generated group.
Examples of domains suitable for ADE are the set of nlength bit-strings Bn (see e.g. [10]) and the set of permutations
of n items Sn (see e.g. [7]). Here below we provide an abstract
description of the ADE scheme which is valid for any choice
of the finitely generated group X.
ADE follows the same outline of DE, but its population is
composed of discrete solutions from the search domain X at
hand. Its pseudo-code is depicted in Alg. 1.
Algorithm 1 Abstract scheme of ADE
1: Randomly initialize N solutions x1 , . . . , xN ∈ X
2: while termination criterion is not satisfied do
3:
for i ← 1, . . . , N do
4:
yi ← AlgebraicDifferentialMutation(xi )
5:
zi ← Crossover(xi , yi )
6:
for i ← 1, . . . , N do
7:
if f (zi ) < f (xi ) then
8:
xi ← zi
9: return xbest

. Minimization is assumed

(xr1

xr2 ),

III. T HE A LGEBRAIC F RAMEWORK FOR EA S
ADE’s main operator, i.e., the algebraic differential evolution, is built on the basis of the formal algebraic framework for
Evolutionary Algorithms (EAs) described in [3]. Here below,
we recall it by: (i) providing a comprehensive background on
useful group theory concepts (Section III-A), (ii) showing the
connection between combinatorial search spaces and finitely
generated groups (Section III-B), and (iii) providing the definitions of the operators ⊕, , at the basis of the algebraic
differential mutation of Eq. (1) (Section III-C).
A. Group theory background

A population of N candidate solutions x1 , . . . , xN ∈ X is
randomly initialized in line 1. Then, in lines 2–8, the population is iteratively evolved by means of three genetic operators:
algebraic differential mutation, crossover and selection. After
the evolution loop, the best solution encountered is returned
in line 9.
Similarly to DE, the core operator of ADE is the algebraic
differential mutation (line 4) which, in its most used variant
“rand/1”, for every population individual xi , generates a
mutant yi ∈ X as follows:
yi ← xr0 ⊕ F

different among them and with respect to xi . Most importantly,
⊕, , are the algebraic operators which make the differential
mutation work in the discrete space X by simulating the
behaviour of their numerical counterparts in Rn .
The definitions and the rationale behind the algebraic operators are given in Section III, while the proof that they subsume
the usual vector operations of Rn is the object of this study.
The mutant yi is recombined in line 5 with the corresponding population individual xi , thus a trial solution zi ∈ X is
generated. The recombination is performed using one of the
discrete crossover operators available in the literature [16],
[17] for the search space X at hand. The choice of the
crossover operator is usually problem-dependent and left to the
practitioner. The only requirement is that the crossover has to
natively work with solutions from X. Moreover, a crossover
strength parameter CR ∈ [0, 1] is usually adopted as in the
original DE. For instance, in [3], the standard DE’s binomial
crossover has been used for the binary representation, while,
in [7], the two popular permutation crossovers POS and TPII
have been modified in order to use the parameter CR.
Finally, as in DE, the one-to-one selection procedure
(lines 7–8) replaces the population individual xi with the trial
solution zi if and only if zi is fitter than xi .

(1)

where: F > 0 is the scale factor parameter of ADE, while xr0 ,
xr1 and xr2 are three randomly chosen population individuals

A set X is a group [18] if there exists a binary operation
? : X × X → X fulfilling the following properties: associativity, existence of a unique neutral (or identity) element ι ∈ X,
and existence of a unique inverse x−1 ∈ X for any x ∈ X.
X, equipped with ?, is a finitely generated group (from now
on fgg) if there exists a finite generating set G ⊆ X such that
any x ∈ X is the composition of generators from G, i.e.,
x = g1 ? g2 ? . . . ? gl for some g1 , g2 , . . . , gl ∈ G.
Each x ∈ X may have multiple minimal-length factorizations in terms of G. We denote by ||x|| the weight of x, i.e.,
the length of a minimal factorization of x.
Minimal factorizations allow also to define a partial order
on X. Given x, y ∈ X, we write x v y if, for each minimal
factorization sx of x, there exists a minimal factorization sy
of y such that sx is a prefix of sy .
Every fgg (X, ?, G) has an associated graph, called “Cayley
graph” and denoted by C, whose vertices are the elements of
X and there is an arc from x ∈ X to y ∈ X labeled by g ∈ G
if and only if y = x ? g.

For all x ∈ X, each path in C, from the group identity ι to
x, corresponds to a factorization of x. In fact, the arc labels
in the path are the generators in a factorization of x. Clearly,
shortest paths correspond to minimal factorizations. Moreover,
given x, y ∈ X, x v y if and only if, in the graph C, there
exists at least one shortest path from ι to y passing by x.
More in general, for all pairs x, y ∈ X, any path from x to
y in C has an algebraic interpretation: if the arc labels in the
path are hg1 , g2 , . . . , gl i, then x ? (g1 ? g2 ? . . . ? gl ) = y. In
other words: hg1 , g2 , . . . , gl i is a factorization of x−1 ? y.
Hence, it is now possible to define a distance d among the
group elements as follows: for any pair x, y ∈ X, d(x, y) is
the length of a shortest path from x to y in C or, equivalently,
d(x, y) = ||x−1 ? y||.
B. Algebra of combinatorial search spaces
Often, the search space of combinatorial optimization problems can be comprehensively represented by a fgg. In fact, the
search space is actually the Cayley graph associated with the
identified fgg.
The connection is as follows. Given the fgg (X, ?, G), then
X is the set of discrete solutions of the problem at hand, while
two solutions x, y ∈ X are neighbors if and only if there
exists a generator g ∈ G such that y = x ? g. Therefore, the
generating set G, by means of the group operation ?, allows
to derive the neighborhood relationships among the discrete
solutions, which are typical of combinatorial search spaces.
For the sake of clarity, let see a concrete example of a
combinatorial search space which can be represented by a fgg:
the space of bit-strings.
Example (Space of bit-strings). Let denote by Bn the set of
the n-length bit-strings. It is easy to see that Bn is a group
under the bitwise XOR operation, denoted by Y. Moreover, Bn
is also finitely generated by the set U of the n bit-strings with
exactly one 1-bit. Importantly, by denoting with ui ∈ U the
generator bit-string whose i-th bit is 1 (and all the remaining
bits are 0s), we have that xYui exactly corresponds to flipping
the i-th bit of x. Therefore, the Cayley graph associated to the
fgg (Bn , Y, U ) is actually the n-dimensional binary hypercube,
i.e., the most investigated search space for binary problems.
Furthermore, the induced distance is the classical Hamming
distance function.
Another widely studied concrete search space that can be
represented by a fgg is the space of permutations which has
been investigated in [4] and [7].
C. Algebraic operators
Section III-B establishes the possibility to use an algebraic
language for defining elementary moves between neighboring
solutions in combinatorial search spaces.
Here, we move one step beyond and we define the algebraic
operators ⊕, , that, analogously to their Euclidean counterparts, allow to express composite moves in combinatorial
spaces.

Given a generic fgg (X, ?, G) and its associated search
space graph C, the key observation is the dichotomous interpretation of an element of X. Any x ∈ X can be factorized
and seen as a sequence of generators, hence x corresponds to a
sequence of arc labels in several paths of C. This observation
is crucial, because the elements of X can be seen both as
points, i.e., vertices in C, and as vectors1 , i.e., sequences of
generators in the shortest paths of C.
Definition 1 (Algebraic addition ⊕). Given x, y ∈ X, the
discrete sum x ⊕ y is defined as the application of the vector
y to the point x. By considering the group theory concepts
described in Section III-A, ⊕ is formally defined as
x ⊕ y := x ? y.
Definition 2 (Algebraic subtraction ). Given x, y ∈ X, the
discrete difference y x is the vector connecting x to y, i.e.,
the composition of the generators on a (shortest) path from x
to y. By considering the group theory concepts described in
Section III-A, is formally defined as
y

x := x−1 ? y.

The last algebraic operator required to completely define
the algebraic differential mutation of Eq. (1) is the scalar
multiplication
which, in our framework, is defined as a
stochastic operator (due to the non-uniqueness of shortest
paths in a search space graph).
Definition 3 (Algebraic scalar multiplication ). Given a
scalar F ≥ 0 and x ∈ X, the stochastic scalar multiplication
z = F x is defined as randomly selecting a z ∈ X such that
the following conditions are satisfied:
(C1) ||z|| = dF · ||x||e;
(C2) if F ∈ [0, 1], then z v x;
(C3) if F ≥ 1, then x v z.
One can draw a parallel between the properties (C1–C3)
of
and the classical scalar multiplication in the Euclidean
space. The latter clearly satisfies a slight variant of (C1) where
the Euclidean norm replaces the group weight and the ceiling
is omitted. Besides, similarly to scaled vectors in the Euclidean
space, (C2) and (C3) intuitively encode the idea that z = F x
is the vector x scaled down or up, respectively.
Operatively, a factorization algorithm for the concrete group
at hand is required. Such an algorithm can be completely
stochastic, as done e.g. in [3] and [7], or partially informed
by a fitness function as in [19]. Once a minimal factorization
sx of x is computed, z = F x is obtained by truncating or
extending sx when, respectively, F ∈ [0, 1] or F ≥ 1.
For further details, we refer the interested reader to [3].
IV. ADE FOR R EAL V ECTORS
In this section, we introduce ADE-RV, i.e., an instantiation
of the abstract ADE scheme for the search space of real
vectors. We follow this line: in Section IV-A we show that the
1 Here, with “vector” we intend “free vector”, i.e., a vector without point
of application.

integer vectors of Zn form a fgg, then Section IV-B introduces
an enumerable subset of real vectors which is isomorphic to
Zn , thus forming a fgg as well, and, finally, in Section IV-C
we provide the complete algorithmic scheme of ADE-RV.
A. The finitely generated group of integer vectors
It is widely known that the set Zn of the n-dimensional
integer vectors is both an additive and multiplicative group.
Here, we are interested in Zn as an additive group. In fact, by
considering the usual vector addition +, we have that:
• + is clearly associative,
• the “all zeros” vector 0 is the neutral element, and
n
• for any x ∈ Z , the opposite vector −x is its inverse.
Moreover, + is also commutative, thus Zn is an Abelian group.
Commutativity is not required by our framework, but it is
useful to simplify calculations.
The fact that Zn forms a group is enough to formalize
the algebraic addition and subtraction. Given x, y ∈ Zn , by
following the abstract Defs. 1 and 2, ⊕ and
are simply
defined as:
x ⊕ y := x + y,
(2)
y

x := −x + y.

(3)

Clearly, Eq. (3) is the classic subtraction y − x, but we prefer
to write −x + y because here we are only considering the
group structure of Zn .
In order to define the algebraic scalar multiplication , we
now need to: (i) show that Zn , equipped with +, is finitely
generated, and (ii) devise a procedure for computing a random
minimal factorization.
Let denote by ei ∈ Zn the vector whose i-th entry is 1,
while all the rest are 0s, then it is easy to see that the set
E = {ei : i = 1, . . . , n} ∪ {−ei : i = 1, . . . , n}

(4)

n

generates Z . In fact, it is possible to obtain any integer vector
in Zn by summing up suitable generators from E.
Given x ∈ Zn , a random minimal factorization of x, in
terms of the generators in E, can be computed by means of
the procedure RandIntFact depicted in Alg. 2.
Algorithm 2 Stochastic factorization algorithm for Zn
n

1: function R AND I NT FACT(x ∈ Z )
2:
s ← h·i
. Factorization initialized to an empty list
3:
for i ← 1, . . . , n do
4:
if xi > 0 then
5:
Insert xi copies of ei in s
6:
else if xi < 0 then
7:
Insert −xi copies of −ei in s
8:
Randomly shuffle s . This makes the algorithm stochastic
9:
return s

Since the algebraic scalar multiplication is computed by
truncating or extending a minimal factorization (see Def. 3 and
the subsequent operative description given in Section III-C),
then the generating set E and the RandIntFact algorithm are
all that is required to build a concrete implementation of ADE
for the search space of integer vectors.

In this context, it is interesting to note that the Cayley graph
induced by the fgg (Zn , +, E) is the classical n-dimensional
integer lattice, shown in Fig. 1a (for the case n = 2 and
restricted to the interval [−2, 2] in any dimension). Here, the
group weight is the classical `1 norm, while the induced
distance function is the classical Manhattan or L1 distance
between integer vectors.
B. The finitely generated group of real vectors
With the aim of providing an instantiation of the abstract
algebraic framework for the search space of real vectors, we
first define the enumerable subset of real vectors Rnh ⊂ Rn
and, then, we show that it is isomorphic to Zn , thus proving
that Rnh is a fgg.
Definition 4 (The discretized set of real vectors Rnh ). Given
a positive parameter h ∈ R+ , we define Rnh as the set of real
vectors whose entries are multiple of h. Formally,
Rnh = {hv : v ∈ Zn }.
Def. 4 clearly shows that Rnh is isomorphic to Zn by the
isomorphism x 7→ x/h. This proves that Rnh is a fgg as well,
for any choice of h ∈ R+ . Note also that, when h = 1, we
have the equivalence Rn1 = Zn .
The algebraic operators ⊕ and for Rnh are defined exactly
as for the integer vectors – Eqs. (2) and (3) –, while some
adjustments are required for .
First, let define the generating set Eh of Rnh as follows.
Eh = {he : e ∈ E},

(5)

where E is the set of integer vector generators given in Eq. (4).
Therefore, we will refer to the generators in Eh as hei and
−hei , for i = 1, . . . , n.
The fgg (Rnh , +, Eh ) induces a search space graph with a
very regular grid lattice structure that, for h approaching 0,
gets more “dense” and intuitively converges to the continuous
Euclidean space Rn . Figs. 1a–1c depict, for n = 2, the search
space graphs (restricted in any dimension to the interval [−2, 2]
for the sake of presentation) for h ∈ {1, 0.5, 0.2}.
2

2

2

1

1

1

0

0

0

-1

-1

-1

-2

-2
-2

-1

0

1

(a) Z2 = R21

2

-2
-2

-1

0

(b) R20.5

1

2

-2

-1

0

1

2

(c) R20.2

Fig. 1: Search space graphs for Z2 = R21 , R20.5 , R20.2
Nevertheless, it is important to recall that the algebraic
scalar multiplication works by truncating/extending a shortest path in the search space graph. Therefore, building up
a computational procedure for
by blindly accepting any
shortest path in the Cayley graph of (Rnh , +, Eh ) would induce
a Manhattan-like distance that, in general, overestimates the

Euclidean distance. Unfortunately, it is not possible to modify
the generating set Eh in order to make the induced distance
function converge to the Euclidean one. Anyway, the same
objective can be achieved by limiting the sampling space of
the stochastic factorization algorithm. Informally, the idea is
that, instead of allowing any shortest path between two points
of Rnh , we only consider the fewer stepwise paths which try to
approximate the Euclidean segment between the given points.
Therefore, instead of simply adapting Alg. 2 to work in Rnh ,
we introduce the class of balanced factorizations defined as
in Def. 5 and computed by Alg. 3.
Definition 5 (Balanced factorizations in Rnh ). A minimal
factorization sx of x ∈ Rnh is a balanced factorization if and
only if, for any e ∈ Eh appearing in sx , the sequence of
generators sx does not contain more than one occurrence of
a generator from Eh \ {e} in each one of the chunks of sx
delimited by e, except (possibly) the very last chunk.

exist as a path in our graph. Instead, both the red and blue
paths are shortest paths from the identity vector (0, 0) to the
vector (3, 3), thus they correspond to two different minimal
factorizations of (3, 3) in terms of Eh . However, the minimal
factorization depicted in red satisfies Def. 5, thus it is a
balanced factorization of (3, 3), while this is not true for the
minimal factorization depicted in blue. Importantly, the red
path is much closer to the Euclidean segment in green than the
blue path. This should now clarify why balanced factorizations
allow to better approximate the Euclidean space properties. In
Section V, we will anyway provide a formal proof.
Finally, though
can be implemented by plugging Alg. 3
into the abstract operative description provided in Section III-C, for the sake of efficiency and for a quicker theoretical analysis, we provide in Alg. 4 a more direct and
equivalent implementation of
which does not require to
explicitly compute the balanced factorization.
Algorithm 4 Algebraic scalar multiplication

Algorithm 3 Balanced factorization algorithm for Rnh
1: function R AND R EAL FACT(x ∈ Rn
h)
2:
s ← h·i
. Factorization initialized to an empty list
3:
y←x
4:
while y 6= 0 do
5:
R ← {hei ∈ Eh : yi > 0} ∪ {−hei ∈ Eh : yi < 0}
6:
Append toPs a random permutation of the set R
7:
y ← y − e∈R e
8:

return s

For the sake of illustration, Fig. 2 shows a limited region
of the search space graph of R20.5 .
3
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Fig. 2: Shortest paths in the search space graph of R20.5
Clearly, every edge in Fig. 2 is labeled by a generator
from Eh .2 The dashed green line is the Euclidean segment
connecting (0, 0) to (3, 3). Note anyway that this green
segment does not follow the graph edges, thus it does not
2 Actually, in Fig. 2: an horizontal edge corresponds to the generator he
1
(−he1 ) when crossed from left-to-right (right-to-left), while a vertical edge
corresponds to the generator he2 (−he2 ) when crossed from down-to-up
(up-to-down).

in Rnh

1: function A LG S CALAR M ULT(F > 0, x ∈ Rn
h)
2:
z ∈ Rn
will be the result, i.e., z = F x
hP
|x(i)|
3:
wx ← n
. wx is the group weight of x
i=1
h
4:
wt ← dF · wx e
. wt is the target weight for z
5:
for i ← 1, . . . ,ln do m
6:

7:
8:
9:
10:
11:
12:

z(i) ← h · F · x(i)
h
P
|z(i)|
. wz is the current group weight of z
wz ← n
i=1
h
if wz > wt then . If target weight not matched, adjust z
S ← wz − wt rand. sel. dimensions from {i : z(i) 6= 0}
for all i ∈ S do
z(i) ← z(i) − h · sign(z(i))
return z
. Here, we have that z = F x

Alg. 4 computes, in line 3, the group weight of x while, in
line 4, it computes the target group weight for z = F x
according to condition (C1) of Def. 3. In lines 5–6, z is
initially set by evenly and proportionally considering all the
dimensions. However, this setting may result in a z whose
group weight is larger than the target one3 . If this is the case,
in lines 8–11, a suitable number of different dimensions –
where z is not null (line 9) – is randomly selected and z is
adjusted on these dimensions. Actually, line 11 corresponds to
implicitly remove a generator.
The returned z is guaranteed: (i) to satisfy all the conditions
provided in Def. 3, and (ii) to have a balanced factorization
that is the truncation/extension of a balanced factorization
of x. Furthermore, Alg. 4 can be implemented in linear time.
Therefore, the algebraic differential mutation of Rnh will be
theoretically and experimentally analyzed by using the
implementation of Alg. 4.
C. The ADE-RV algorithmic scheme
ADE-RV is the instantiation of the abstract ADE scheme for
the fgg (Rnh , +, Eh ). Its pseudo-code is provided in Alg. 5.
ADE-RV has four parameters: the h value which regulates
how dense is the search space graph (see Section IV-B),
3 This is due to the well known property of the ceiling function, i.e., sumof-ceilings is greater or equal than ceiling-of-sum.

Algorithm 5 Pseudo-code of ADE-RV
+

1: function ADE-RV(h > 0, N ∈ N , F ≥ 0, CR ∈ [0, 1])
2:
Randomly initialize N solutions x1 , . . . , xN ∈ Rn
h
3:
while termination criterion is not satisfied do
4:
for i ← 1, . . . , N do
5:
yi ← xr0 ⊕ F (xr1 xr2 )
6:
zi ← BinomialCrossover(xi , yi , CR)
7:
8:
9:
10:

for i ← 1, . . . , N do
if f (zi ) < f (xi ) then
xi ← zi
return xbest

. Minimization is assumed

the population size N , the scale factor F , and the crossover
strength CR. The latter three are exactly the same parameters
of the original DE scheme and play the same roles.
The population is initialized in line 2. Usually, upper and
lower bounds l, u ∈ R are provided for any dimension. Hence,
for each dimension 1 ≤ j ≤ n of any individual 1 ≤ i ≤ N ,
xi (j) is randomly sampled from [l, u] and then approximated
to the closer multiple of the given h. This latter step makes
xi ∈ Rnh .
The algebraic differential mutation is computed as in line 5.
As previously discussed, the algebraic operators ⊕ and
are the usual vector addition and subtraction, while
is
implemented as in Alg. 4. For the sake of simplicity, line 5
considers the most widely adopted mutation variant “rand/1”.
After the algebraic differential mutation, any population individual xi undergoes a crossover phase with its corresponding
mutant yi in order to produce the trial solution zi . In line 6,
the same binomial crossover of the original DE is considered.
Therefore, any dimension j = 1, . . . , n of zi is set according to

yi (j) if rj < CR or j = t,
zi (j) ←
(6)
xi (j) otherwise,

ADE-RV, as introduced in Section IV-C, is composed of
four procedures: initialization, algebraic differential mutation,
binomial crossover, and one-to-one selection. The latter two
are exactly the same procedures used in DE, therefore their
approximation error is null. Hence, here below we investigate
the approximation errors εinit and εmut due to, respectively,
our discretized initialization and algebraic differential mutation.
Theorem 1. For h approaching 0, the discretized initialization
of ADE-RV converges to the continuous initialization of DE.
Proof.
The discretized initialization of ADE-RV (see Section IV-C)
works in two steps: (i) it generates a vector x̂ ∈ Rn uniformly
at random in a given interval, and then (ii) it rounds x̂ to the
closer multiple of h in any dimension, thus forming x ∈ Rnh .
Formally, for any dimension i = 1, . . . , n, xi = round x̂hi ·h.
Now, we define the approximation error εinit as the Euclidean norm of the difference between x and x̂, i.e.,
v
u n
uX
2
(xi − x̂i ) .
εinit = ||x − x̂||2 = t
i=1

By construction, we have that, for every term in the sum,
xi − x̂i ≤ h2 . By simple calculation, we have that εinit is a
function of both h and n bounded as follows:
h√
εinit (h, n) ≤
n.
2
Therefore, limh→0+ εinit (h, n) = 0 for any dimensionality
n ∈ N+ . This proves Th. 1.
Theorem 2. For h approaching 0, the algebraic differential
mutation of ADE-RV converges to the continuous differential
mutation of DE.

where: rj is randomly generated in [0, 1), t is a dimension randomly selected for each individual (to ensure that at least one
dimension of the mutant is inherited by zi ), while CR ∈ [0, 1]
is the crossover strength parameter of ADE-RV.
Finally, the same one-to-one selection of the original DE is
performed in lines 7–9: the fitter between xi and zi enters the
next generation population.

Proof.
Given xr0 , xr1 , xr2 ∈ Rnh and F > 0, the algebraic differential
mutation of ADE-RV computes a mutant y ∈ Rnh as

V. T HEORETICAL PROOF FOR ADE-RV OPERATORS

ŷ = xr0 + F · (xr1 − xr2 ).

ADE-RV is an instantiation of the abstract ADE scheme
which navigates the (giant) search space graph induced by Rnh .
Hence, ADE-RV can be seen as a discretized variant of the
original DE which works in the continuous Rn search space.
In Section IV-B, we have already intuitively stated that
Rnh converges to Rn for h approaching 0. Therefore, it is
reasonable to expect that the search behaviour of ADE-RV
converges to that of the original DE scheme. In this section,
we move beyond the intuitions and we theoretically prove that
the genetic operators of ADE-RV converge to those of the
continuous DE scheme by also assessing their approximation
errors.

Now, we define the approximation error εmut as the
Euclidean norm of the difference between y and ŷ, i.e.,
εmut = ||y − ŷ||2 .
For the sake of explanation, let use the following notations:
δ = xr1 − xr2 , z = F δ, and ẑ = F · δ. Hence, by simple
calculation, we have that
v
u n
uX
εmut = ||y − ŷ||2 = ||z − ẑ||2 = t (zi − ẑi )2 . (7)

y = x r0 ⊕ F

(xr1

xr2 ) = xr0 + F

(xr1 − xr2 ),

while the continuous differential mutation of DE computes a
mutant ŷ ∈ Rn as

i=1

Without loss of generality, we restrict our analysis to positive values for zi and ẑi . By looking at Alg. 4 (in particular,



lines 6 and 11), we have that zi ≤ h · F · δhi . Therefore, for
every term in the sum of Eq. (7), we have that


zi − ẑi ≤ h · F · δhi − F · δi =


(8)
= h · F · δhi − h · F · δhi =



= h F · δhi − F · δhi < h.

each problem, ten different Kolmogorov-Smirnov tests [22]
by considering the objective values at ten equidistant stages
of the evolution. Almost all of the 150 p-values were 1, while
the smallest one was 0.434, thus widely accepting the null
hypothesis of equivalence between the trajectories of ADE-RV
and DE.

The last inequality in Eq. (8) is due to the well known property
that dxe − x < 1 for any x ∈ R.
By plugging Eq. (8) into Eq. (7), we have that εmut is a
function of both h and n bounded as follows:
√
εmut (h, n) < h n.

Residual analysis. To confirm the previous analysis, we have
computed the mean time series of the difference between
ADE-RV and DE best objective values at every single generation of the evolution. For the sake of illustration, Fig. 3c
provides these residual time series of the 40D versions of all
the benchmark functions. All the other dimensionalities show
the same trend, i.e., the residual time series slightly oscillates
around 0. To statistically validate this observation, in Tab. I
we provide the mean of the time series and the p-value of the
Augmented Dickley-Fuller (ADF) unit root test [23]. Hence,
Tab. I clearly shows that: (i) all the time series have practically
0 mean, and (ii) the ADF tests reject the null hypothesis
that a unit root is present in the time series, thus reasonably
indicating their stationarity, as observed by visual inspection.

Therefore, limh→0+ εmut (h, n) = 0 for any dimensionality
n ∈ N+ . This proves Th. 2.
VI. E QUIVALENCE BETWEEN ADE-RV AND DE
In the previous section we proved that the single operators
of ADE-RV converge to their counterpart in the original DE.
However, the approximation errors, though small, are not null,
thus they can accumulate or cancel-out each other throughout
the evolution. Therefore, we experimentally investigate the
statistical equivalence of ADE-RV and DE behaviours during
their evolution.
We have selected one benchmark function from each one
of the five benchmark categories of the popular BBOB test
suite [20]. Namely, the selected functions are f1 , f6 , f10 , f15
and f20 (their mnemonic names are provided in the header
of Tab. I). Moreover, each function is investigated with three
dimensionalities, i.e., n ∈ {10, 20, 40}, for a total of 15
benchmark problems.
Both ADE-RV and DE were executed 100 times per
problem with a budget of 100 000 evaluations. The setting
N = 100, F = CR = 0.5 is adopted, while the h parameter
−8 √
of ADE-RV is set as h = 10 / n. In this way, according
to Section V, the approximation error in a single ADE-RV
operator is bounded by 10−8 regardless of the problem dimensionality. Moreover, to ensure a fair comparison, ADE-RV
and DE executions are run using the same set of seeds for the
random number generator.
The experiments were conducted and analyzed by using the
IOHprofiler tool [21]. We remark once again that the aim
of this experimental investigation is not to assess the best
algorithm between ADE-RV and DE, but to prove that their
search behaviours are empirically equivalent. With this aim,
we have statistically analyzed both the convergence graphs
and the residual time series.
Convergence graph analysis. First of all, we have visually
verified that the convergence graphs of ADE-RV and DE
match with each other. For the sake of illustration, Figs. 3a–3b
show the mean and standard deviation of the fitness trajectories of, respectively, ADE-RV and DE executed on f20
with n = 40. It is easy to see that the two curves clearly
overlap each other. The same behaviour is observed also for
all the other benchmark problems considered. Furthermore, we
have statistically validated the comparison by performing, for

Finally, we have repeated all the aforementioned analyses
by considering the jDE self-adaptive scheme [24] for the F
and CR parameters. The same conclusions were drawn.
VII. C ONCLUSION AND F UTURE W ORK
In this paper, we proved – both theoretically and experimentally – that the Algebraic Differential Evolution (ADE) scheme
generalizes and subsumes the original Differential Evolution
(DE) which, during the years, has been widely and successfully applied to a variety of problems. Therefore, the abstract
ADE scheme – together with its concrete instantiations – can
now be considered a full-fledged generalization of DE which
allows to consistently apply the DE search behaviour across
search spaces of different nature.
Other contributions of this work are the instantiations of
the algebraic framework (for evolutionary algorithms) for the
search spaces of integer vectors and real vectors. To these,
must be added the previously proposed instantiations for the
spaces of permutations and bit-strings [3].
This paves the way for an important future line of research.
In fact, a product of multiple finitely generated groups is itself
a finitely generated group [18]. This observation makes it
possible to design ADE instantiations for hybrid search spaces
formed by mixed discrete and continuous components, thus
extending the field of application of the DE search behaviour
to an even wider range of practical problems. Let think, for
instance, to the tuning of machine learning hyperparameters
where it is required to choose, simultaneously: boolean, integer
and real-valued parameters, as well as the order of application
of several computational layers.
Finally, a further interesting line of research is to design a
continuous DE scheme taking inspiration from the simplified
ADE-RV variant which accepts any minimal factorization
regardless if it is balanced or not. Concretely, this corresponds
to a continuous DE that, instead of moving along the Euclidean
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(b) Conv. graph for DE on f20 , 40D
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Fig. 3: Convergence graphs and residual time series plots
TABLE I: Mean of the residual time series and p-values of the Augmented Dickley-Fuller test
10D

f1 – Sphere Function
20D
40D

f6 – Attractive Sector Function
10D
20D
40D

f10 – Ellipsoidal Function
10D
20D
40D

f15 – Rastrigin Function
10D
20D
40D

f20 – Schwefel Function
10D
20D
40D

Mean

−2 · 10−8

−5 · 10−8

−2 · 10−5

−9 · 10−6

3 · 10−4

−2 · 10−6

−5 · 10−5

2 · 10−4

4 · 10−4

−4 · 10−7

−7 · 10−7

−4 · 10−7

4 · 10−9

−7 · 10−8

−3 · 10−7

pADF

10−7

0.001

0.009

4 · 10−8

10−4

7 · 10−19

0.019

10−4

0.037

8 · 10−4

0.004

0.015

7 · 10−6

4 · 10−11

5 · 10−10

segments given by the differences of the type xr1 − xr2 , is
allowed to take more diverse moves in the hypercubes whose
extreme vertices are the population vectors xr! and xr2 .
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