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Abstract

In this article, we propose a novel and effective evolutionary algorithm for
the challenging combinatorial optimization problem known as Multidimen-
sional Two-Way Number Partitioning Problem (MDTWNPP). Since the
MDTWNPP has been proven to be NP-hard, in the recent years, it has
been been increasingly addressed by means of meta-heuristic approaches.
Nevertheless, previous proposals in literature do not make full use of crit-
ical problem information that may improve the effectiveness of the search.
Here, we bridge this gap by designing an improved Memetic Algebraic Dif-
ferential Evolution (iMADEB) algorithm that incorporates critical informa-
tion about the problem. In particular, iMADEB evolves a population of
candidate local optimal solutions by adopting three key design concepts: a
novel non-redundant bit-string representation which maps population indi-
viduals one-to-one to MDTWNPP solutions, a smoother local search opera-
tor purposely designed for the MDTWNPP landscapes, and a self-adaptive
algebraic differential mutation scheme built on the basis of the Lévy flight
concept which automatically regulates the exploration-exploitation trade-off
of the search. Computational experiments have been conducted on a widely
accepted benchmark suite for the MDTWNPP with a twofold purpose: ana-
lyzing the robustness of IMADEB and compare its effectiveness with respect
to the state-of-the-art approaches to date for the MDTWNPP. The experi-
mental results provide important indications about iMADEB robustness and,
most importantly, clearly show that iMADEB is the new state-of-the-art al-
gorithm for the MDTWNPP.

Keywords: Multidimensional Two-Way Number Partitioning, Algebraic
Differential Evolution, Memetic Algorithm, Combinatorial optimization

1. Introduction

The MultiDimensional Two-Way Number Partitioning Problem (from
now on abbreviated as MDTWNPP) has been introduced in (Koji¢, 2010)
as a direct generalization of the classic Number Partitioning Problem (NPP)
which has been dubbed “the easiest hard problem” in (Mertens, 2006). In
fact, despite the NPP can be stated in very simple terms — given a multiset of
positive integers, find a binary partition such that the absolute difference of
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the within-set sums is as small as possible (possibly 0) —, it has been proven to
be NP-hard in the seminal work of Karp on NP-completeness (Karp, 1972).
The MDTWNPP extends the NPP by considering multidimensional vectors
of real numbers and the distance induced by the infinity norm rather than,
respectively, positive integers and the absolute difference distance.

Formally, an instance of the MDTWNPP is a multiset S of n real-valued
vectors of dimension d, i.e., S = {v; € RY: 1 < i < n}, and the goal is to
partition S into two subsets Sy and S} such that: Sy U S; =S, So NS, =0,
and the within-set sums of the vectors in Sy and S; are as close as possible
in terms of the L™ vector distance that, for two generic vectors v,w € R?, is
defined as

L=(v,w) = max [o(7) = w(j)] 1

Hence, the MDTWNPP objective function to be minimized is

f(So,81) = L* (Z > w) . (2)
vESy)  wES

Clearly, the MDTWNPP reduces to the NPP when d = 1 and this proves
that MDTWNPP is NP-hard as well. Moreover, as noted in (Koji¢, 2010), the
MDTWNPP misses an important characteristic of the NPP, i.e., the compu-
tational complexity of an instance does not decrease together with the ratio
between the number of bits required to represent a solution and n — as it has
been observed to happen for NPP instances in (Mertens, 2006) and (Corus
et al., 2018). Therefore, the MDTWNPP can be considered computationally
more difficult than the NPP. This is further confirmed by the experimental
analysis conducted in (Rodriguez et al., 2017), where the CPLEX solver,
applied to an integer linear programming model for the MDTWNPP, has
never been able to improve the trivial lower bound of zero on a set of bench-
mark instances. Recently, a novel mixed integer linear programming model
for the multiway generalization of the MDTWNPP has been proposed and
experimented in (Faria et al., 2021). However, its results do not look to be
competitive with state-of-the-art results.

For all these reasons, meta-heuristic algorithms have started to be de-
signed for and applied to the MDTWNPP. Notable examples are: (Pop and
Matei, 2013b), (Kratica et al., 2014), (Rodriguez et al., 2017), and (Santucci
et al., 2019).

Since a MDTWNPP partition {Sp, S1} can be simply represented by an
n-length bit-string x € B" in such way that v; € Sy, for i € {1,...,n},

3
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the meta-heuristic approaches adopt this simple binary representation for
the evolved solutions. However, it is easy to see that such encoding is redun-
dant because, though {Sy, 51} and {S1, So} clearly are the same MDTWNPP
partition, they are represented by two different bit-strings, one the bitwise
negation of the other. Hence, an issue common to all the previously proposed
meta-heuristics is that they navigate a search space whose size is double with
respect to the number of MDTWNPP solutions.

Furthermore, the most effective MDTWNPP algorithms to date adopt
one or more local search operators as part of their main search scheme.
Though some of these operators rely on solution neighborhoods purposely
designed for the problem at hand — like, for instance, the local search scheme
proposed in (Rodriguez et al., 2017) —, none of them fully consider the in-
trinsic characteristics of the MDTWNPP objective function.

Both these issues — the redundant representation and local search neigh-
borhood design —, if suitably addressed, could allow further advancements in
the MDTWNPP literature. In this work, we address these two aspects by
introducing: a novel non-redundant bit-string representation which halves
the size of the search space navigated by the algorithm, and an efficient local
search scheme which allows a smoother local exploration by means of a novel
restricted neighborhood built on the basis of the L distance considered in
the MDTWNPP objective function formulation.

These two key ingredients are incorporated in iMADEB: an improved
variant of our previously proposed Memetic Algebraic Differential Evolution
for the Binary space (Santucci et al., 2019). Like its predecessor, iMADEB
adopts a memetic approach which combines a discrete Differential Evolution
(DE) global search scheme with a variable neighborhood descent as local
search operator. The discrete DE part is built on the basis of a solid alge-
braic framework for combinatorial optimization (Santucci et al., 2020) which
is extended in this work in order to handle the novel reduced bit-string rep-
resentation. Moreover, we also introduce a Lévy flight-based self-adaptation
scheme in order to better regulate the exploration-exploitation trade-off of
the search and to improve the ability of the algorithm in escaping stagnation
states. Finally, the variable neighborhood descent adopts the newly designed
restricted neighborhood and also introduces, with respect to (Santucci et al.,
2019), a probabilistic application strategy and a different neighborhood ex-
ploration scheme.

A thorough experimental analysis is performed using a widely adopted
benchmark suite for the MDTWNPP with a twofold purpose. First, we
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analyze the robustness of IMADEB and the impact of its different algorith-
mic components and, second, we compare iMADEB with the state-of-the-art
MDTWNPP meta-heuristics to date.

The rest of the article is organized as follows. Section 2 provides a thor-
ough review of the previous meta-heuristic proposals for the MDTWNPP to-
gether with a short description of the original Differential Evolution scheme.
Section 3 introduces the novel non-redundant representation and the main
scheme of iIMADEB. The algebraic differential mutation operator, purposely
redesigned for the new bit-string representation, is described in Section 4,
the Lévy flight step-size adaptation is depicted in Section 5, while Section 6
describes the variable neighborhood descent procedure. Experimental re-
sults are provided and discussed in Section 7, while conclusions are drawn in
Section 8 where future lines of research are also depicted.

2. Related work

In Section 2.1 we provide a detailed review of all (to the best of our
knowledge) the meta-heuristic proposals for the MDTWNPP to date, while
in Scleanection 2.2 we briefly recall the original Differential Evolution scheme
together with its main applications.

2.1. Meta-heuristic proposals for the MDTWNPP

An integer linear programming formulation of the MDTWNPP has been
originally proposed in (Koji¢, 2010), where a set of 210 benchmark instances
have been randomly generated and solved by using the linear programming
solver CPLEX.

Although the MDTWNPP is a generalization of the NPP, many tech-
niques used to solve the latter cannot be extended to the multidimensional
case. For instance, both the NPP greedy algorithm (Mertens, 2006) and
the Karmarkar-Karp heuristic (Karmarker and Karp, 1983) require to sort
the set of numbers in input but, in the MDTWNPP, the set of vectors does
not admit, in general, a well defined total order. Therefore, meta-heuristic
approaches purposely designed for the MDTWNPP have been proposed.

The first of such proposals has been the genetic algorithm (GA) intro-
duced in (Pop and Matei, 2013a) and designed as follows: candidate solu-
tions are represented using the simple redundant bit-string representation
described in Section 1; parent individuals for the one-point crossover are se-
lected by means of a binary tournament; mutation works by flipping, with
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probability 0.1, every bit of an offspring, which is further improved by a
purposely defined heuristic operator; finally, the (u, A) replacement strategy
is adopted. The GA outperformed CPLEX in the largest instances with
n > 400.

This GA has been further improved by the same authors in (Pop and
Matei, 2013b), where a memetic algorithm (MA) is proposed for solving a
“multiway” generalization of the MDTWNPP in which the vectors can be
partitioned in p > 2 subsets. The MA extends the genetic algorithm by
introducing a local search improvement step in such a way that the evolved
population is constantly formed by local optima individuals. The local search
method explores, in succession, three different k-change neighborhoods, for
k=1,2,3, where k denotes the number of bits changed by any single move.
However, all the neighborhoods are syntactically defined on the redundant
bit-string representation and, furthermore, they are merely syntactic and do
not consider any intrinsic characteristics of the MDTWNPP. Computational
experiments performed for the case p = 2, i.e., in the MDTWNPP prob-
lem, show that MA outperforms both the GA and CPLEX in almost all the
benchmark instances.

Two other meta-heuristics have been introduced in (Kratica et al., 2014).

The first one is a VNS-like procedure (Mladenovi¢ and Hansen, 1997)
which operates on an incumbent solution x, represented as a bit-string (again,
using the redundant encoding). A series of increasing neighborhoods N (x)
are employed in the shaking phase, along with a local search whose ele-
mentary step is to flip both a 0-bit and a 1-bit of x. This corresponds to
simultaneously swap two vectors: one vector moves from the set Sy to the set
S1, while the other one moves in the opposite direction. The generic neigh-
borhood Ny (x) is defined as the set of all the bit-strings having Hamming
distance k from x thus, as before, the neighborhoods are merely syntactic.
The parameter k is increased, from 2 to min{30, |n/4]}, circularly at every
iteration where the produced local optimum does not improve the incumbent
solution.

The second meta-heuristic uses an Electromagnetism-like (EM) approach.
A solution is represented as a real vector in [0, 1]", which is decoded to a bi-
nary partition by means of a simple thresholding procedure: the vector v;
of the MDTWNPP instance is assigned to the set Sy when the i-th solution
component is smaller than 0.5, otherwise it is assigned to S;. At each gener-
ation, every individual undergoes to local search and scaling operators, then
all the solutions are moved according to “electromagnetic forces” that can

6



145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

169

170

171

172

173

174

175

176

177

178

179

180

181

182

be attractive or repulsive depending on the objective values in the current
population. It is worthwhile to note that the real vector encoding of EM is
highly redundant because any MDTWNPP solution may be represented by
an infinite number of real vectors.

The experiments conducted in (Kratica et al., 2014) show that VNS
and EM obtained comparable performances and both outperform MA and
CPLEX.

A GRASP procedure for the MDTWNPP, equipped with an Exterior
Path Relinking method, is described in (Rodriguez et al., 2017). The algo-
rithm evolves a set of solutions, called “elite set”. At each step, the GRASP
procedure produces a new solution by means of two operations: construction
and local improvement. The former operation builds-up a solution by means
of a greedy method, while the latter iteratively improves the incumbent solu-
tion by using a (possibly restricted) local search in the space of the 2-change
neighborhood. Then, the Path Relinking phase explores a path from the new
solution s; to a randomly selected solution s¢ in the elite set (Interior PR) or
beyond sg (Exterior PR), returning the best solution found in the path. The
configuration with the Exterior Path Relinking, i.e., GRASP+ePR, reached
better performances and outperformed both VNS and CPLEX. Importantly,
the restricted neighborhood of GRASP+ePR is the first proposal which tries
to consider the intrinsic characteristics of the MDTWNPP. In fact, the neigh-
borhood is restricted by considering the closer pairs of vectors from different
subsets but, unfortunately, the authors used the Euclidean distance and not
the L distance considered in the definition of the MDTWNPP objective
function.

Other two works related to the MDTWNPP have been proposed in (Hacibe-
yoglu et al., 2014) and (Hacibeyoglu et al., 2018). The former proposes a
greedy heuristic and a genetic algorithm, but only for the special case of bi-
dimensional vectors (i.e., d = 2), while the latter describes an experimental
comparison of four meta-heuristic methods: another genetic algorithm, sim-
ulated annealing, migrating bird optimization algorithm and clonal selection
algorithm. However, neither (Hacibeyoglu et al., 2014) nor (Hacibeyoglu
et al., 2018) present experimental results which are competitive with the
previously described proposals.

To the best of our knowledge, the state-of-the-art MDTWNPP algorithm
to date is MADEB, i.e., the memetic algebraic differential evolution proposed
in our preliminary work (Santucci et al., 2019) of which this article is an
extension. In fact, MADEB significantly outperformed GRASP+ePR, VNS

7
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and CPLEX on a set of 126 benchmark instances by obtaining the best
average results on 106 instances (about 84% of the benchmark suite) and
76 new best known solutions. However, also MADEB adopts the simlpe
redundant bit-string representation and the merely syntactic neighborhood
definitions for its local search part.

Summarizing, all the meta-heuristics proposed in the MDTWNPP liter-
ature adopt a redundant solution representation and the most effective ones
use local search operators that, however, do not take into account the intrin-
sic characteristics of the MDTWNPP objective function. We believe that
addressing these two aspects may bring to more effective methods. Hence, in
this work, we extend MADEB by incorporating a novel non-redundant repre-
sentation, a smoother local search procedure, and a self-adaptive mechanism
to control the exploration-exploitation balance of the search. Moreover, we
provide a more thorough experimental analysis on all the 210 benchmark
instances originally proposed in (Koji¢, 2010).

2.2. Differential Evolution

Differential Evolution (DE) is a population based evolutionary meta-
heuristic, originally proposed in (Storn and Price, 1997), for continuous op-
timization problems.

DE evolves a population of N real vectors {x1,..., 2y} by iteratively ap-
plying three genetic operators: differential mutation, crossover and selection.

The key operator of DE is the differential mutation which, for every
population individual x;, produces a mutant vector y; as a linear combination
of few other population individuals. Formally,

Yi < Thase + F : (xrl - ng)? (3>

where: z,, and z,, are two randomly selected population individuals different
between them and with respect to xp.e Which, depending on the chosen
mutation strategy, may be set to: the current individual x;, another random
population individual, or the best solution so far. Moreover, F' > 0 is the DE
scale factor parameter which is usually tuned offline or online by means of self-
adaptive mechanisms such as (Brest et al., 2006) or (Tanabe and Fukunaga,
2013).

Notably, equation (3) perturbs zp.s by an amount that is obtained from
the differences’ distribution of the DE population which is, itself, constantly
evolved during the search. This mechanism allows DE to continuously adapt
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its mutation strength and it is the reason of why the differential mutation is
usually considered the core operator of DE (Price et al., 2006).

After the differential mutation, any population individual z; undergoes
a crossover phase with its corresponding mutant 7;. Though many different
crossover strategies have been proposed (Storn and Price, 1997; Price et al.,
2006), the most used one is the binomial crossover scheme which, for every
dimension j, produces an offspring z; according to

() { yi(j) ifr;<CRorj=t, (@)

x;(j) otherwise,

where: r; is a randomly generated number in [0, 1), ¢ is a dimension randomly
selected for each individual and ensuring that at least one component of the
mutant is inherited by z;, while CR € [0, 1] is the DE crossover probability
which is often self-adapted as, for instance, in (Brest et al., 2006) or (Tanabe
and Fukunaga, 2013).

Once z; is generated, it competes with x; in order to enter the next
generation population. In the most used selection scheme, the fitter between
z; and z; is selected.

During the years, DE has been applied to a variety of problems and fields
such as, among the others, product line design (Tsafarakis et al., 2020), com-
putational systems biology (Penas et al., 2015), time series forecasting (Wang
et al., 2015), image segmentation (Cuevas et al., 2010), underwater glider
path planning (Zamuda and Sosa, 2019), traffic signal control (Bi et al.,
2014), and memetic computing (Piotrowski, 2013). Moreover, interesting
variants of DE for combinatorial optimization problems have been proposed
in (Santucci et al., 2016; Baioletti et al., 2020, 2018).

3. Main scheme of iIMADEB

iMADEB is a memetic algebraic differential evolution which improves our
previous proposal (Santucci et al., 2019) by extending it along three different
lines: non-redundant bit-string representation, Lévy flight mutation, and
redesigned local search procedure.

The focal point for the non-redundant representation is that a generic
partition {Sp,S1} is equivalent to {Si,Sp}. In fact, under the objective
function definition provided in equation (2), f(So, S1) = f(S1,S0). Though
this aspect is easy to read, all the previous population-based meta-heuristics
for the MDTWNPP (described in Section 2) do not seem to address this

9
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point. In iMADEB we force the genotypic representation to be in one-to-
one relationship with the problem phenotype — binary partitions without an
ordering of the subsets — by encoding any solution with a string of n — 1
bits and adopting the convention that the n-th vector of the MDTWNPP
instance resides in the first lexicographic subset of the partition.

Formally, given the set S = {wvy,vs,...,v,} of the n instance vectors,
the “shortened” bit-string € B"~! uniquely represents the binary partition
(So, S1) of S where

So={vi € S : x(i) = 0} U {v, }, (5)
S1={vi € §: (i) =1}.

Hence, the (n — 1)-length bit-string does not act on v,, which is used as
reference vector, while the ¢-th bit of x decides if v; belongs to the same set
of v, (when (i) = 0) or not (when z(i) = 1). Clearly, any other choice for
the reference vector is equivalent.

It is also easy to note that: (i) every bit-string represents now a different
partition, and (ii) the size of the genotypic search space is reduced from 2"
to 2"~ ! solutions.

By using this representation, iMADEB evolves a population of N bit-
strings by iterative applications of the following search operators: binary
algebraic differential mutation, variable neighborhood descent, and selection.
Its main scheme is depicted in Algorithm 1.

The population is initialized following the sparse bit-string initialization
proposed in (Santucci et al., 2019), i.e., for every population individual x;: a
random value p; € [0, 1] is generated and, for 1 < j < n, z;(j) is set to 1 with
probability p;, or 0 otherwise. The rationale of this initialization scheme is
to generate a more sparse population. In fact, the expected number of 1-bits
throughout the population individuals is uniformly distributed in [0, — 1]
(and not fixed to (n — 1)/2 as in the classic random initialization).

For every population individual x;, AlgebraicDifferentialMutation
generates a mutant y; as follows:

yikmi@FQ(%q @%"2)’ (6)

where: F' > 0 is a scale factor parameter, x,, and z,, are two randomly
chosen population individuals different between them and with respect to
x;, and the @, ©, ® are the binary algebraic operators defined and discussed

10
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Algorithm 1 Main scheme of iIMADEB

1: Initialize N bit-strings z1,...,zy € B" !
2: while termination condition is not satisfied do
3: fori=1to N do
y; < AlgebraicDifferentialMutation(z;)
2; < VariableNeighborhoodDescent(y;)
end for
for i+ 1 to N do
x; + Selection(x;, z;)
end for
10: if x5 was not updated in the last 1000 generations then
11: Reinitialize the bit-strings in {z1,..., 28} \ {Zpest }
12: end if
13: end while
14: return zp.

in Section 4 by taking into account the newly introduced non-redundant
representation.

It is worthwhile to note that the scale factor F' regulates the magnitude of
the mutation and it is self-adapted during the evolution by means of a newly
designed adaptation scheme based on the Lévy flight concept (Viswanathan
et al., 1999). The aim is to allow the search to occasionally perform large
“jumps” in order to escape from stagnation states. The Lévy flight adapta-
tion is described in Section 5.

After the differential mutation, the mutant y; undergoes a local search
phase as in other memetic approaches (Moscato et al., 2004; Moscato and
Cotta, 2003, 2019). The local search procedure VariableNeighborhoodDescent
adopts two different neighborhood and generates the trial individual z; in
such a way that z; is a local optimum of both neighborhoods. With respect to
the previous proposal (Santucci et al., 2019), VariableNeighborhoodDescent
is modified by considering: a new and smoother neighborhood definition, the
best-improvement exploration scheme, and a probabilistic application strat-
egy. All these aspects are described in Section 6.

The Selection procedure replaces the population individual x; with the
trial bit-string z; if and only if f(z;) < f(x;), where f is the objective function
defined in equation (2). Moreover, in order to escape persistent stagnation
states, if the best population individual x,., was not updated during the last

11
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1000 generations, then all the population, except ., is reinitialized.

4. Binary Algebraic Differential Mutation

In iMADEB, the binary algebraic differential mutation is in charge of
exploring the search space by providing new seed solutions to the following
local search phase. As depicted in equation (6), every individual z; is mutated
by exploiting the discrete difference between other two randomly selected
population individuals (z,, and z,,). As in the classic Differential Evolution
(DE) (Storn and Price, 1997), the differences’ distribution evolves together
with the population, thus constantly adapting the exploration strength of
the algorithm during the search.

However, classic DE addresses numerical optimization problems and re-
quires a careful redefinition in order to be applied to the binary space.
In (Santucci et al., 2016, 2020), an original algebraic framework has been
introduced in order to design a differential mutation for combinatorial search
spaces in such a way that it consistently simulates the behavior of its nu-
merical counterpart. The framework abstractly defines the design of the
combinatorial differential mutation for any discrete space representable by a
finitely generated group (Santucci et al., 2016, 2020; Baioletti et al., 2020).

In the following, after briefly recalling the algebraic framework for the
binary space as used in the previous MADEB proposal (Section 4.1), we in-
troduce its revisited implementation for the newly introduced non-redundant
binary representation (Section 4.2) and we analyze the search behavior of the
binary differential mutation used in iMADEB (Section 4.3).

4.1. Previous algebraic operators for the binary space

In order to define the operators @, ©, ® for the bit-strings, the abstract
algebraic framework described in (Santucci et al., 2020) requires: (i) a binary
operation in B” which satisfies the group properties, (ii) a subset of generator
bit-strings which generates all the other bit-strings, and (iii) a fast factoriza-
tion algorithm which decomposes any bit-string in terms of generators.

By denoting the bitwise XOR operation with V. it is easy to see that B"
forms a group under V. In fact, ¥V is commutative and associative, the “all
zeros” bit-string 0 is the neutral element, and the inverse of any z € B” is

itself, i.e., 27! = x.

12
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Given z,y € B", we recall that: the Hamming weight |z| is the number
of 1-bits in z, and the Hamming distance between x and y is |x VY y, i.e., the
number of positions ¢ such that z(i) # y(7).

B™ is finitely generated by the generating set U C B" composed by the n
bit-strings with Hamming weight equal to 1, i.e., any generator u; € U, for
1 < i < n, is such that u;(7) = 1, while the rest of its bits are 0. Therefore,

any x € B" can be written as © = u;, Y w;, ¥ ... Y u,;, where iy,is,...,7%
are the indexes of the 1-bits of z. Clearly, | = |z|. The decomposition is
minimal and unique, up to reordering the indexes 7y, iz, . .., 7;. We exploit this

property and we represent the minimal decomposition of x € B™ as the set
U, ={u; € U : z(i) = 1}. Note anyway that any ordering of the generators
in U, is a sequence that fulfills the abstract framework definitions (Santucci
et al., 2020). Importantly, for each = € B", the application of the generator
u; to x, i.e., x Y u;, corresponds to flipping the i-th bit of x.

Therefore, by following the abstract definitions given in (Santucci et al.,
2020) and (Santucci et al., 2016), it is now possible to concretely derive the
operations @, &, ® for the binary space.

Given z,y € B", the addition @ is defined as x & y := x Y y, while the
subtraction uses the property that ! = x and, therefore, it coincides with
the addition, i.e., y Oz :=x Y y.

Given a scalar F© > 0 and a bit-string * € B"™, the stochastic scalar
multiplication z = F ® z is defined as randomly selecting a z € B" such
that its decomposition U,: (i) has size k = [F - |z|], and (ii) when F' < 1,
U, C U,, while (iii) if F > 1, U, D U,. It is easy to see that any ordering
of the generators in U, satisfies the abstract scalar multiplication properties
depicted in (Santucci et al., 2020). Operatively, when F' < 1, U, is randomly
selected among the ('i‘) subsets of size k of U, while, when F' > 1, U, is

computed as U, U A, where A is randomly selected among the (Z:‘ED subsets
of size k — |z| of U\ U,. Note also that |F' ® x| cannot be larger than n, thus
we limit F' to ﬁ when larger.

As any other finitely generated group, (B", Y, U) has an associated Cayley
graph that, in our case, is the binary hypercube with n vertices, where all
the pairs of bit-strings, differing in a single bit ¢, are connected by an edge
labelled with u; € U. Hence, it is easy to see that the Cayley graph is the
usual binary search space whose neighborhood is induced by bit-flip moves.
Moreover, it is also possible to show that the operations @, ©, ® simulate — in
the binary space — the behavior of their numerical counterparts on the classic
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Euclidean space. The main idea is that the dichotomic interpretation of a
Euclidean vector, both as point and as displacement (between two points),
is brought to the binary Cayley graph by considering a bit-string both as
a vertex and as a shortest path (between two vertices). For further details
about the algebraic framework we refer the interested reader to (Santucci
et al., 2020).

4.2. Algebraic operators for the non-redundant binary space

Given = € B", we denote by 2’ its bitwise negation. For example, let
= (1001), then 2’ = (0110). As discussed in Section 3, using the trivial
bit-string representation for the MDTWNPP, we have that both x and 2
correspond to exactly the same binary partition, thus they represent the same
phenotypic solution. For this reason, the new non-redundant representation
which fixes a reference vector and works with m = n — 1 bits is introduced.
In this way, x and 2’ represent two different MDTWNPP partitions and the
mapping between genotype and phenotype is now one-to-one.

However, directly applying the previous algebraic operators to the re-
duced representation results in a subtle issue. Let see it with a small example:
consider n = 4 (thus m = 3 and the reference vector is v4) and the m-length
bit-string x = (000) together with its negation 2’ = (111). Under the non-
redundant representation, x and z’ respectively represent the following two
partitions:

(S§ = {v1,v2,v3,04}, ST =0),
(5" = {va}, = {v1, vz, 03}).

Clearly,  and a’ are distant three bit-flips, but (S§, ST) can be transformed
o (8%, 8%") by simply changing the subset of the reference vector vy and
remembering the naming convention that the first lexicographic subset of a
partition is the one which includes the reference vector. More in general,
we have that the phenotypic distance between two solutions can be much
smaller than the Hamming distance between the corresponding bit-strings.

Fortunately, our algebraic framework allows to address this issue in an
elegant way. The only modification is to add the “all ones” bit-string 1 to
the generating set. Formally, we consider the generating set U cB™ whlch
is defined as U = U U{1}. Therefore, the generators in U are: the “all ones”
bit-string 1 and the m bit-strings with a single 1-bit (i.e., those in U).

This simple modification introduces shortcuts in the Cayley graph in such
a way that the genotypic distance between two solutions exactly corresponds
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to their phenotypic distance. By considering the previous example, we have
that 2’ = 2 ®1 = 2 ¥ 1, i.e., 2’ can be obtained from x by a single geno-
typic move, exactly as it happens between their corresponding partitions.
Summarizing, the 1 generator semantically means “change the subset of the
reference vector v,,”, while the other n — 1 generators u;, with 1 < ¢ < n,
mean ‘“change the subset of vector v;”.

We graphically compare the Cayley graphs of the redundant and non-
redundant representations by showing them in, respectively, Figures 1 and 2.
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Figure 1 depicts the Cayley graph G of the redundant representation for
the case n = 4. The edge colors correspond to the generators in U: black is
uy, blue is uy, green is uz, and cyan is uy. For instance, the solution (0101)
is connected with the blue edge to the solution (0101) ¥ uy = (0001).

Figure 2 depicts the Cayley graph G5 of the non-redundant representation
for the same search space with four MDTWNPP vectors. Here, all the bit-
strings have length three. The edge colors correspond to the generators of
the new generating set U: black is uy, blue is uy, green is uz, and the newly
introduced generator 1 is depicted in red. Importantly, each vertex in G,
corresponds to two vertices in G;. For instance, the vertex (000) in G
corresponds to the vertices (0000) and (1111) in Gy, because both represents
the partition {{vy, ve, v3,v4},0}. Moreover, confirming our previous example,
we have that, in G, the vertex (111) is now only one edge away from (000).

Importantly, since the generating set is slightly changed, a new factoriza-
tion algorithm for (B™, V, U ) is required. Anyway, it is a simple modification
of what is described in Section 4.1. Its working scheme is provided in Al-
gorithm 2 and described as follows. Given the x € B™ in input, lines 2-3

Algorithm 2 Factorization algorithm for the non-redundant representation

1: function FACTORIZATION(z € B™)

2 to < number of 0-bits in x

3 t1 < number of 1-bits in x

4: if t1 < to then

5: Up « {u; €U - a(i) =1}

6: else if t; > ty + 1 then

7 Up — {1} U{w; € U : z(i) = 0}
8

9

else > Heret1 =t9g+ 1
: r < random value in [0, 1)
10: if r < 0.5 then
11: Up — {u; € U : (i) = 1}
12: else
13: Up {1} U{u; € U : z(i) = 0}
14: end if
15: end if
16: return Ux

17: end function

calculate in ¢ and ¢; the number of, respectively, 0-bits and 1-bits of x.
Then, the factorization U, is computed as the shorter between: (i) taking
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the generators from U which correspond to the positions of the 1-bits in =
(lines 4-5), and (ii) considering the “all ones” generator 1 and taking the rest
of the generators from U according to the 0-bits in z (lines 6-7). The last
part in lines 8-14 tackles the case where the two choices have equal length,
so one of them is randomly chosen.

Let also note that, using the new generating set U, the weight of any

x € B™, i.e., |z| = |Factorization(z)|, does not correspond anymore to the
Hamming weight. Moreover, the maximum distance in the search space is
now [m/2].

Finally, by considering the new generating set, its factorization algorithm
and the induced weight function, the operations &, &, ® continue to work
as previously described, though their semantic interpretation is now in line
with the phenotypic space of the MDTWNPP binary partitions.

4.8. Search characteristics of the binary differential mutation in iMADEB

Here we analyze the implementation of the binary algebraic differential
mutation provided in equation (6) for the newly introduced non-redundant
representation.

Let describe the computation of the mutant y; « x; ® F ® (x,, © x,,) by
means of an illustrative example. Let consider n = 8 (thus m = 7 and vg is
the reference vector), F' = 0.66 and the following assignments for x;, z,,, ,,:

z; = (0101010),
z,, = (0010010),
z,, = (1101110).

We analyze the mutation equation from right to left, thus we start by
observing that z,, and z,, represent the MDTWNPP partitions

(SOZH — {Ul,v27v4,v5,v7,vg}, Slirl = {U37U6})7
(SOT2 = {’U3,?J7,U8}7 Slr2 = {?}171}27’04,1)5,1)6})-

Their genotypic difference is § = z,, © z,, = x,, ¥ z,, = (1111100) and,
using Algorithm 2, is factorized as Us = {ug,u7,1}. In fact, it is easy to see
that (S5, S;™) can be obtained from (S;"%,S;™) by changing the subset
of the MDTWNPP vectors corresponding to the generators in Us, i.c., the
vectors vg, vr and vg. Therefore, the weight of the difference bit-string is
6] = |Us| = 3.
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Now, in order to compute the scalar multiplication FF ® d = 0.66 ® §, we
need to randomly select [0.66 - |§]] = 2 generators from Us. Let suppose we
take the generators ug and u; from Uy, then 0.66 ©® § = ug ¥ uz = (0000011).

Finally, y; = z; ® (F ® §) = (0101010) ¥ (0000011) = (0101001). Here, it
is interesting to note that, in accordance with the generators in the decom-
position of F' ® ¢, the last two bits of x; are flipped. Moreover, let observe
that x; encodes the partition

(So* = {v1,vs,v5,v7,vs}, ST = {v2,v4,06}),

while the mutant y; represents the partition
(S5 = {v1,v3,v5,v6, U8}, ST* = {v2, 04, v7}).

As expected, (S§', S7") is obtained from (Sg?, S7*) by changing the subset of
the MDTWNPP vectors vg and v.

In general, we have that the number of vectors which change subset in
the partition represented by x; is given by the weight of the scaled difference
between z,, and z,,. Moreover, the vectors which are allowed to change
subset in the partition corresponding to x; are those which appear in different
subsets in the partitions represented by z,, and z,,.

Furthermore, it is worthwhile to note that most of the binary crossovers
in the literature are somehow special cases of our binary differential muta-
tion. Let think for example to the very popular uniform crossover, one-point
crossover or the more general k-points crossover (Pavai and Geetha, 2016).
All of them, when applied to two generic bit-strings x and y, produce an
offspring z such that its j-th bit z(j) is equal to either z(7) or y(j). It is easy
to see that the computation of an offspring with such a property can be easily
reproduced in the algebraic framework as z = x @ F'® (y © z) and by setting
F € [0,1]. Therefore, binary crossovers are special cases of our differential
mutation. This motivates the absence of a crossover operator in iMADEB,
which in turn is the reason of why we have chosen the DE mutation variant

where the current individual x; is used as base solution to be mutated (Storn
and Price, 1997).

5. Lévy flight adaptation

The exploration strength of iMADEB is regulated by the scale factor
parameter I of equation (6). In the following, after analyzing the impact of

18



463

464

465

466

467

468

471

472

473

474

475

476

477

478

479

480

481

482

483

484

487

488

489

490

491

492

493

494

495

496

497

498

499

500

F on the search, we introduce a self-adaptive scheme built on the basis of
the Lévy flight concept (Viswanathan et al., 1999).

During iMADEB evolution it may happen that the population reaches
the consensus on a generic bit j — i.e., all individuals have their j-th bit set
to the same value —, hence the decomposition of a binary difference between
any pair of population individuals provably cannot include the generator
corresponding to bit j. Therefore, by setting the scalar factor F' € (0,1]
— as usual in the numeric DE literature (Storn and Price, 1997) — the j-
th bit of the base individual x; cannot be flipped anymore by the binary
differential mutation. From one hand, this aspect allows the search to focus
an a “consensus subspace” learned during the evolution but, on the other
hand, it may bring to a premature convergence to sub-optimal solutions.

Fortunately, the scalar multiplication by a scale factor F' > 1 extends
the binary difference x,, © x,, by introducing generators corresponding to its
0-bits, thus the binary differential mutation can now flip a bit value of x;,
even if the population has reached consensus on it. Therefore, setting F' > 1
may allow to escape stagnation states, but it may result in random search
behaviours if a large value is used.

What is required is to regulate F' dynamically during the search in such
a way that: most of the times F' is set to small values in order to make the
search focus on the nearby areas of the current population, while occasion-
ally larger values are used to prevent premature convergence to sub-optimal
regions. It is interesting to notice that this is the typical motion pattern of
the Lévy flight processes, which have been observed in many natural and
artificial systems (Viswanathan et al., 1999; Tacca et al., 2020; Tomassini,
2016). Lévy flight processes are based on the Lévy distribution, whose den-
sity function decays in asymptotic power-law form. Although the Lévy law
covers a wide class of distributions, in this work we adopt the simplified case,
as used also in (Tomassini, 2016), where the scale factor values are drawn
from a power-law probability distribution.

The adaptation mechanism of iMADERB is also based on the popular jDE
scheme (Brest et al., 2006) — as used in our previous proposal (Santucci et al.,
2019) — and it works as follows. Every population individual z; maintains its
own F; value. The mutant y; is computed using a scale factor Fi,;, which:
with probability 0.9 is set to F}, otherwise it is randomly generated according
to the power-law distribution with density ¢(F'), as defined below. The
mutant y; undergoes local search giving rise to the offspring individual z; that,
if fitter, besides replacing x; in the population, it also updates F; to Fia.
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The power-law density ¢(F) is set such that the sampled scale factors
are larger than F;, and no upper bound is given, i.e., F' € [Fin, +00).
Formally,

a—1
oF) = 7=
where: the first factor is a normalization factor that depends on the value
of Fuin which is fixed to 0.1 as in (Brest et al., 2006), while « > 1 is a
parameter that regulates how quickly the probability density fades away when

F increases.

' F_aa (7)

Figure 3: Power-law density (in log-scale) for o € {1.5,2,3}

The behaviour of ¢(F), for a € {1.5,2,3}, is depicted in Figure 3, which
shows that the probability density is larger for small values of F' close to 0.1
but, importantly, remains positive for larger F' values, thus allowing iMADEB
to occasionally generate mutant solutions far away from the current popula-
tion.

6. Variable Neighborhood Descent

In iIMADEB, a parameter prs € [0, 1] regulates the probability that a mu-
tant individual undergoes a local search phase, implemented using a variable
neighborhood descent scheme. Besides the probabilistic application strategy,
other differences with respect to our previous proposal (Santucci et al., 2019)
are: a new neighborhood definition and the best-improvement exploration
scheme.
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The VariableNeighborhoodDescent procedure takes in input a mutant
y € B"! and returns an (hopefully) improved solution 2z € B"~! which is a
common local minimum with respect to the two neighborhoods A; and N s,
defined as follows.

N is the classic 1-change neighborhood. Given y € B"~!, which encodes
the binary partition (S, S;) (as defined in Section 3), N7 (y) is the set of par-
titions that can be obtained from (Sp, S1) by changing the subset of exactly
one MDTWNPP vector, which moves either from Sy to S; or in the opposite
direction. Formally, by considering the generating set U defined in Section 4,
M(y) ={yYu:ueU}. Hence, |Ni(y)| = n, for any y € B

N1 is a restricted 2-change neighborhood, defined in a similar way as
in (Rodriguez et al., 2017). Given the current solution y € B"! and its
corresponding partition (Sp, S1), then N 5(y) contains the partitions which
can be obtained from (Sy, 1) by simultaneously changing the subset of two
MDTWNPP vectors v and w such that: v belongs to the larger subset be-
tween Sy and S7, while w is selected as the most similar vector to v in the
other subset, in terms of the L> distance defined as in equation (1). Clearly,
also V15(y) can be algebraically expressed as y xored with two suitable gen-
erators from U.

N5 replaces the full 2-change neighborhood N, used in our previous
proposal (Santucci et al., 2019). This choice is motivated by the fact that
the size of N5 is linear in n, while that of A; is quadratic. In fact, |Nj5(y)|
depends from the current solution y and: it is 0 when one of the partition
subsets of y is empty, otherwise it is equal to the size of largest partition
subset. Hence, n/2 < |[N15(y)| < n for any y € B"! such that y # 0.

Moreover, the 2-change moves allowed by Nj5(y) are those which modify
the objective value of y as little as possible, thus allowing a smoother explo-
ration of the search landscape. In fact, note that the L> distance, used to
select the pair of MDTWNPP vectors to swap, is used also in the objective
function formulation given in equation (2). This is an important difference
with respect to the restricted neighborhood proposed in (Rodriguez et al.,
2017), where the Euclidean distance — unrelated with MDTWNPP objective
function — is adopted.

The pseudocode of VariableNeighborhoodDescent is given in Algo-
rithm 3, where it is possible to see that the two neighborhoods A; and N 5
are alternatively explored until no improving solution is obtained.

Since both neighborhoods have a linear size, we decided to use a more
thorough best-improvement search, i.e., the neighborhoods are fully explored

21



555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

Algorithm 3 Pseudocode of VariableNeighborhoodDescent

1: function VARIABLENEIGHBORHOODDESCENT(y € B" 1)
2 repeat > Outer loop on both N7 and N 5
3 Yold < Y
4: repeat > Loop on N
5: T4y
6 Y < arg min, e p, () f(2)
7 until f(y) > f(z)
8 Y
9: repeat > Loop on N5
10: Ty
11: Yy < argmin.cy, () f(2)
12: until f(y) > f(z)
13: Yy x
14 until £(n) = £ (ona)
15: return y

16: end function

and the best neighbor is considered as trial solution (lines 6 and 11).

Finally, it is important to note that the evaluation of a neighbor is not
made from scratch, but incrementally with respect to the incumbent solution.
In fact, by maintaining the two partial subset sums of the current solution, it
is possible to calculate the objective value of a N; neighbor by means of one
vector addition, one vector subtraction and one distance computation. All
these operations cost O(d) time. Therefore, every iteration of the loop in lines
4-7 costs ©(nd) operations. Furthermore, for the N7 5, we can precompute —
at the beginning of an iMADEB execution — the distances among all the pairs
of MDTWNPP vectors, thus a neighbor evaluation can be done by means of:
two vector additions, two vector subtractions and one minimum computation
in order to find the closest vector in the other subset. This last operation
costs O(n) time. Therefore, every iteration of the loop in lines 9-12 costs
©(n - max{n,d}) operations.

7. Experiments

In order to analyze iMADEB and assess its effectiveness, a number of
experiments have been held by considering commonly adopted benchmark
instances for the MDTWNPP.
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The algorithm has been implemented in C++ and all the experiments
have been carried out on a machine equipped with an Intel Xeon E312 clock-
ing at 2.2 GHz, 16 GB of RAM and running Linux Ubuntu 18.04.

The iMADEB parameters have been experimentally tuned and analyzed
as described in Section 7.1. Then, the calibrated iMADEB setting has been
experimentally compared with the other state-of-the-art algorithms. This
comparison is described and discussed in Section 7.2.

7.1. Tuning and analysis of the iMADEB parameters

iMADEB has three parameters to be set: the population size N, the Lévy
flight parameter «, and the local search application probability prg. After a
series of preliminary experiments, a discrete set of values has been selected
for each parameter. Then, a full factorial experiment has been carried out for
selecting the most effective setting and analyzing the robustness of IMADEB.
For each parameter, the chosen values are:

e N € {50,100, 150,200},
e o€ {152 3},
o pus € {0.1,0.25,0.5,0.75,0.9}.

These 4 x 3 x5 = 60 settings of IMADEB have been experimented on a set
of 16 benchmark instances: one instance for every n, d problem configuration,
with n € {20,100, 300,500} and d € {2,5,15,20}. To avoid the over-tuning
phenomenon, the tuning instances have been generated in such a way they
are representative of the test instances, but different from them. Hence, a
matrix of 500 x 20 numbers is randomly generated and sub-sampled for the
different values of n and d, as done in (Koji¢, 2010) for producing the test
suite adopted in this work (see Section 7.2) and in all the previous works in
the MDTWNPP literature (see Section 2).

Every iMADERB setting has been executed 25 times per instance with a
computational budget of 240 seconds per execution. Therefore, 24000 ex-
ecutions have been carried out for a total of 9600 hours of computational
time.

The performance of each iMADEB setting S, on every instance i, is
measured by the commonly adopted average relative percentage deviation
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(ARPD) index, defined as

ARPDS — 1 & S! — Best;
i Best;

1
25 2 x 100,
7=1

(8)

where 87 is the objective value obtained by the IMADEB setting S in its j-th
run on the instance i, and Best; is the best objective value achieved among
all the performed executions on instance i.

First of all, we analyze the impact of any single parameter setting on
the effectiveness of iIMADEB. With this regard, in Figure 4 we provide three
box-plot graphs — one for each parameter — which graphically summarize the
ARPDs obtained varying each parameter value.

(a) Population size N (b) Lévy-flight parameter o (c) Local search prob. prs

Figure 4: Box-plot graphs from the calibration of the three iIMADEB parameters

Figure 4a shows that a population size of N = 200 is to be preferred,
though its impact on the effectiveness of an iMADEB execution is not as
large as it is for the setting a = 3. In fact, Figure 4b clearly shows that
the o parameter has an important role. By recalling the behaviour of the
probability density shown in Figure 3, the top performances obtained with
a = 3 suggest that iIMADEB prefers to intensify the search in the nearby
of the current population individuals and, only very occasionally, exploring
distant areas in the space. Conversely from the previous cases, Figure 4c
shows that iIMADEB executions are robust throughout different settings of
the prs parameter.

In order to validate these considerations, we statistically analyzed the
results presented in Figure 4 by means of the Kruskal-Wallis H test (Hol-
lander et al., 2013). One test is performed for every parameter aiming at
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understanding if the difference in the observed performances is statistically
significant or not.

For the population size N, the statistical test returned a p-value of 0.01,
thus confirming that a good setting for the population size is significant in
order to obtain good performances. For the parameter o the significance is
even stronger, since the returned p-value is smaller than 107°, while the very
large p-value (0.99) obtained for prs confirms that the local search applica-
tion probability does not impact too much the effectiveness of iMADEB.

Aiming to analyze the complete parameters configurations, in Table 1
we provide the top performing iMADEB settings, ordered by average rank,
together with their overall ARPDs. The average rank of any setting S is
computed by averaging the ranks obtained by S — among the 60 different
settings — throughout all the 16 tuning instances.

Moreover, we carried out the Friedman statistical test (Hollander et al.,
2013) which returned an almost zero p-value, thus indicating statistical dif-
ferences among the 60 settings. Hence, a post-hoc analysis has been con-
ducted by considering all the Friedman post-hoc procedures available in the
statistical package scikit-posthocs (Terpilowski, 2019) and selecting the
most discriminating one that, in our case, was the Siegel and Castellan test
with the Benjamini/Hochberg p-value adjustment scheme (Hollander et al.,
2013; Terpilowski, 2019). Therefore, in Table 1 we list the largest set of
top performing settings which are not statistically different to each other, by
considering a significance threshold of 0.05. Moreover, we also provide the
post-hoc p-values of the pairwise comparisons between the best setting and
the other ones.

From Table 1 it is possible to see that 15 settings, out of 60, do not show
significant performance differences with respect to each other, thus indicating
a good robustness of IMADEB. Moreover, it is interesting to observe that:
all the 15 settings in Table 1 have o = 3, while the top five settings have
N = 200 and all the possible values for prs. These observations clearly
confirm the previously discussed analyses. Let also note that the ARPDs
in Table 1, though not being in a perfectly monotonic relationship with the
average ranks, show a negligible variance — the largest is only 1.2 percentage
points larger than the smallest —, thus further confirming the overall good
robustness of IMADEB.

Finally, the best setting of parameters is (N = 200, = 3,prs = 0.9),
which reached the lowest average rank of 5.06. Therefore, this is the set-
ting used for the experimental comparison discussed in Section 7.2.
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Table 1: The 15 most performing iMADEB settings ordered by average rank

Setting Average Overall Post-hoc
N a  prLs Rank ARPD p-value
200 3.0 0.90 5.06 1.84 best
200 3.0 0.25 5.09 1.74 0.41
200 3.0 0.10 5.09 1.60 0.41
200 3.0 0.75 5.50 1.85 0.40
200 3.0 0.50 5.62 1.67 0.40
150 3.0 0.10 7.69 1.94 0.31
150 3.0 0.25 8.25 1.92 0.29
150 3.0 0.50 9.88 2.27 0.22
150 3.0 0.90 9.97 2.31 0.21
100 3.0 0.50 11.16 1.63 0.17
150 3.0 0.75 11.34 2.18 0.16
100 3.0 0.25 12.62 2.80 0.12
100 3.0 0.10 12.97 1.97 0.11
100 3.0 0.75 14.03 2.47 0.09
100 3.0 0.90 14.41 2.39 0.08

7.2. Ezxperimental comparison with the state-of-the-art algorithms

In order to compare the effectiveness of iMADEB with respect to the
other state-of-the-art algorithms for the MDTWNPP, the set of benchmark
instances proposed in (Koji¢, 2010), and adopted in all the other works in
the MDTWNPP literature (see Section 2), is considered. The benchmark
suite is formed by a total of 210 instances: five for any problem configuration
n, d such that n € {50,100, 200, 300,400, 500} and d € {2, 3,4, 5,10, 15,20}.

iMADEB has been executed using the setting of parameters identified in
Section 7.1 and it is compared with the two state-of-the-art algorithms to
date: MADEB (Santucci et al., 2019) and GRASP+ePR (Rodriguez et al.,
2017). In order to perform a fair comparison, all the three algorithms have
been executed on the same machine and using the same budget of compu-
tational time. Moreover, the executable code of GRASP+ePR has been got
from the website provided by the authors (https://sci2s.ugr.es/MDTWNP),
and both GRASP+ePR and MADEB have been run with the parameters set-
tings suggested in, respectively, (Santucci et al., 2019) and (Rodriguez et al.,
2017).
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Each algorithm has been executed 25 times per instance with a budget
of 600 seconds per execution. Therefore, 15750 executions have been carried
out for a total of 2625 hours of computational time.

For each algorithm, we have computed its ARPD measures which are also
used to rank the algorithms on every instance, then the ranks are averaged
and shown in Table 2 grouped by n. Table 2 also provides the number of
instances where an algorithm obtained the best objective value among all
the executions of every competitors. The best results are indicated in bold,
while the last line provides the overall average ranks and the total number
of instances where any algorithm obtained the best solution.

Table 2: Average ranks and number of best solutions obtained

Average Rank No. Best Solutions

GRASP GRASP

n iMADEB MADEB +ePR |iMADEB MADEB +ePR
50 1.74 1.57 2.69 29 6 7
100 1.26 1.77 297 32 4 2
200 1.20 1.80 3.00 33 3 0
300 1.17 1.83 3.00 34 1 0
400 1.06 1.94 3.00 35 0 0
500 1.11 1.89 3.00 35 1 0
Overall | 1.26 1.80 294 | 198 15 9

Overall, Table 2 clearly shows that iMADEB outperformed its competi-
tors in terms of both average and peak results. In fact, its overall average
rank is 1.26 — very close to the optimal ideal value of 1 —, while it obtained
the best solution on 198 out of 210 instances, i.e., more than the 94% of the
benchmark suite.

Moreover, it is interesting to note that iMADEB consistently outper-
formed GRASP+ePR, both in terms of average ranks and number of best
solutions, across all the different values of n. The same is true also when
compared with respect to its predecessor MADEB that, anyway, obtained a
slightly better average rank in the case n = 50. However note that, in the
same group of instances, IMADEB obtained a consistently larger number of
best solutions, thus indicating that, when n is relatively small, iMADEB is
not as robust as for larger instances, but anyway able to obtain the best peak
performances.
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In order to better compare the effectiveness of the three algorithms, in
Figure 5 we provide the box-plot graphs which graphically summarize the
ARPDs obtained by varying both the instance parameters n (Figure 5a) and
d (Figure 5b). For the sake of presentation, the logarithm of the ARPD
values is considered.
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(a) log(ARPD) with instances grouped by n (b) log(ARPD) with instances grouped by d

Figure 5: Box-plot graphs of the log(ARPD) measure with instances grouped by n and d

Both box-plots show that iMADEB is considerably more effective than
GRASP-+ePR. Moreover, Figure 5a largely confirms all the indications given
by the average ranks, while Figure 5b shows that iMADEB obtained better
median results for every value of d, except the case d = 20 where it is
outperformed by its predecessor MADEB.

In order to validate these considerations, we statistically analyzed the
comparisons by running two pairwise Wilcoxon tests (Hollander et al., 2013)
— iMADEB vs MADEB and iMADEB vs GRASP+ePR — on every group of
instances aggregated as in Figure 5.

Grouping the instances by n, iMADEB significantly outperformed both
competitors when n > 100. In these cases, the largest p-value observed
is smaller than 0.003. Conversely, for n = 50 — where MADEB obtained
slightly better results — the differences in performances are not statistically
significant. In fact, the p-value of the comparison with MADEB has the very
large p-value of 0.59, while that with respect to GRASP+ePR is 0.06.
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Grouping the instances by d, iMADEB significantly outperformed both
competitors when d < 10. In these cases, the largest p-value is smaller than
5-107%* When d = 15, iMADEB significantly outperforms GRASP-+ePR
(with a p-value of 0.002), while it is statistically indistinguishable from
MADEB (with a p-value of 0.50). The only case where iMADEB is signifi-
cantly outperformed is in the group of instances with d = 20, where MADEB
obtained a better median ARPD and the Wilcoxon test returned a p-value
of around 1074,

Importantly, two additional Wilcoxon tests have been also conducted by
considering the whole set of instances: iMADEB signficantly outperformed
both MADEB and GRASP+ePR with p-values very close to zero.

For the sake of completeness, in Table 3 we provide, for all the 210
instances, the average and best objective values obtained by the three al-
gorithms considered in our experimentation. For each instance it is also
reported the previously best known objective value (by considering all the
works described in Section 2). Best results are indicated in bold, while the ob-
jective values which improves the previously best known solutions are marked
with an asterisk.

In particular, it is interesting to observe this last datum: iMADEB ob-
tained 145 new best known solutions, i.e., around the 69% of the benchmark
suite. Moreover, few new best known solutions have been obtained by our
new executions of MADEB (5) and GRASP+ePR (2). In conclusion, Table 3
provides a comprehensive perspective of the state-of-the-art results for the
most used MDTWNPP benchmark suite at the time of writing.

8. Conclusion and Future Work

In this work, we have proposed a new memetic algorithm for the MultiDi-
mensional Two-Way Number Partitioning Problem (MDTWNPP), namely
iMADEB, which adopts an algebraic differential mutation operator for ex-
ploring the search space and providing new seed solutions to a local search
phase implemented as a variable neighborhood descent procedure.

Our proposal is motivated by a critical analysis of the MDTWNPP liter-
ature. In fact, all the previously proposed meta-heuristics adopt a redundant
representation scheme for the solutions and do not consider the intrinsic char-
acteristics of the MDTWNPP objective function in the design of the local
search neighborhoods.
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Table 3: Detailed experimental results on all the 210

instances

Average Obj. Values Best Obj. Values Previous Average Obj. Values Best Obj. Values Previous
nstanee | ivapes Mape “RASH| ivaper  mapes  GRASR] Best metanee | ivapes. mapen SHASE | ivapes  mapes  GTASEL Besc
061 0.18 0.95 0.45 0.15 015 10024 o7 17,90 0.4a 768 15.35 160
142 3.20 6.54 0.26 - 0.26 o2 10021 083 291 0.56 0.36 035 0.57
131 2.88 6.10 117" 117 2.8 100 2¢ 116 5.75 0.26 2.28 0.26
144 s 202 134 131 134 10024 0.00 176 0.00 0.00 0.00
502 3.23 132 .78 0.62 * 2.63 201 100_2¢ Lo7 152 0.70 Lo7 0.10
5030 27712 2ss32 20200 | 236427 25222 285,56 100 3a 12095 12506  84.00 12115 115.00
302.33 30721 34501 | 287.40° 30263 305.68 100330 5055 9004 |  60.20 58.78 5878
136.08 14217 14721 | 118.52°  130.88 130.88 100 3¢ 22721 20340 |  58.94° 23456 6811
93.60 9931 10422  81.14° 3,36 96.41 10034 23867 24879 | 216,53 231.78 23453
5030 205.19 21256 21650 | 187.39°  208.75 211.79 195,85 1003¢ 13500 14410 | 94.58 ¢ 138.36 132.25
50.4a 900.71 90550 94195 | 894.51 90061 903.66 783.05 100_4a 50820 52013 | 467.26 51135 50828
50_4b 1217.30 122182 124966 | 1198.17 1216.49 1222.59 101725 10021b 57852 99851 | 845.10 58781 875.60
50_4c 442024 45368 45652 |  421.50°  448.95 152,01 452.01 10024c 50021 90617 | 752.64 90213 892,95
50_1d 101145 101949 102450 | 1000.26 1015.52 1018.58 987,27 100_1d 109210 109927 | 1056.55°  1087.06 109317 109012
50_te 119375 120430 121575 | 970.11°  1202.62 1202.62 1187.27 100_1e 51027 51879 | 44420 50524 51430 502.28
92032 92281 1253.06| 917.01 920.06 920.06 917.01 T005a | 241086 212608 20919 | 2386.55 212012 212028 231735
260912 2670.97  31S6.74 | 2600.99 *  2613.19 2616.25 2607.09 1005h | 206491 207595 56.14 | 205015 206848 208373 2077.63
1394001 110228 247171 | 138657 139877 1410.98 1395.72 100 5¢ 2751022 281346 283225 | 2742.26°  2785.91 2817.96 275752
226908 227108 227420 | 2260.52 2269.69 2269.69 2183.63 10054 | 204145 2968 2075.08 | 2628.00°  2066.78 2066.78 263739
50.5¢ 3959.34 110481 160516 | 3649.46 ©  3055.57 111106 365252 1005c | 2528146 3771 3775.00 | 2422.43° 376489 3770.90 0.71
50.10a | 16273.61 16170.50 1617350 1617352 | 157222 100.10a | 15990.02 1509522 16616.60 | 15980.60 1508670  15086.68 | 15792.74
50.10b | 1078221 19553.17 2035620 | 19548.10 © 1935120  19357.26 | 19515.10 10010b | 13589.70 1339505 17920.91 [ 13575.90 * 1358820 1350120 | 13591.20
50.10c | 17117.30 1730240 176S7.50 | 14131.60 1413470 1413469 | 1412554 10010c | 11985.23 1422102 1535730 | 11968.80 © 1199320  15377.41 | 11984.02
50104 | 16960.50 14924.10 1712135 | 14918.90  14918.00 1492108 | 1491557 1001104 | 1496260  15550.85  16863.00 | 1488290 *  15513.90 1489811
50_10c 16834.22 15364.59  16504.30 | 15356.80 359.00  15356.80 152738 100100 | 12180.65 1510011  16132.32 | 12169.90 °  12176.00 12179.01
50_15a 3850351 33523.40 3101250 | 33208.00  33208.00  33211.07 | 3072855 100_15a | 31994.82 3215100 33310.65 | 31091.80  31115.10  32152.30 | 3025652
50015b | 39556.42 36385.14 3652577 | 3324010 3470080  33240.09 * | 33210.09 10015 | 20940.16 28980.20  31940.31 | 28699.40 2871160 2871150 | 27593.84
50-15¢ 1099681 32470.97 357ASS5 | 20920.00 2045690  20456.85 | 25736.35 100150 | 32038.63 3288541 3414351 | 20784.70 3112150 31115.38 | 2977560
50015d | 3557200 25222.35 2555460 | 21649.80 2165230  21655.89 | 20356.84 10015 | 3205568 31757.74  34330.90 | 30687.90 © 30687.90 * 3069091 | 30690.91
50.15c | 3750160 34565.42 3575156 | 25003.80 © 3180070 3180069 | 2001528 100015 | 31007.17  30374.22 3250196 | 28898.70  30250.60  30236.41 | 28393.88
5020a | Gl0SI21 5691947 5818554 | 5568560  52826.30 | 5282631 | 50047.84 10020a | 5153158 52436.03 5505041 49333.70  49336.80 5023179 | 43945.36
50206 | 6317959 55173.79 58720.66 | 5350560  51917.00  51917.90 | 50382.38 10020b | 3513675 5370314  56596.52 | 1983310  48310.00  45409.02 ° | 45673.81
5020c | G3775.68 54141.94 5799914 | 50560.90  50360.90  50560.86 | 5056086 10020c | 5121354 51745.85 5600733 | ASTT5A0  46340. 16508.68 | 44830.37
6113174 56093.25 367TS5.SS | 53956.00  53956.00  53955.96 | 5153857 5350000 5017285 5388393 | A7A5TA0  43789.70  ATA3138 | 437S6.66
61339.02 51239.31 5768577 | 48281.50  48281.50  48281.50 | 1752056 5141541 51616.68  53913.30 | 46151.00 1069105 | 43923.20
Average Obj. Values B Provious Average Obj. Value t Obj. Value Provious
Instance | . N o CRASP | . N - GRASP st Instance | . N - CRASP | . ; :n  GRASP s
iMADEB MADEB STASE | ivADEB  mape  GTASR| Best iMADER MaADEB STASE| inMapEB  mapen  GTASE| Best
20020 0.25 0.03 0.03 - 015 377 011 30020 o 020 020
20021 0.55 0.65 0.36 056 0.36 0.56 30022b o 079 0.11
2002 0.53 0.63 0.22 030 0.70 0.00 3002 0. 075 0.08
20024 0.62 0.67 0.23 043 0.67 024 300_2d 0 0.68 043
2002¢ 0.43 0.44 0.27 027 0.15 0.4 300 2¢ 0.3 0.92 031
200 5a 96.46 172.9 66.79 163.06 175.27 5510 300 3a 562 1 152 152
20023h 86.12 120.95 51.65 125.37 13118 718 3003h 93.35 69.3 79.62 7352
2003 213 1551 - 152 152 152 30073 25182 51 21167 53.45
20034 10178 25.69 * 99.30 11150 1701 300-3d 12242 62 108.45 50.10
2003¢ 103.45 1390 © 90.02 191232 83.57 300.3¢ 212.67 115 185.53 11167
200-1a 18198 50955 110065 | 460.72° 50341 114101 19129 300_1a 252 702 153 158 3.06
2004b | 1049055  1167.65  1179.58 | 890.57* 115773 1169.94 91408 30024b 965.63 106915 58519 1058.92 563.08
200_tc 2.40 2.82 5.55 151 152 3.05 3.05 300_1c 88443 900.00 87620 ss220 130,31
200244 665.40 99135 106587 | 58822  0ST.61  1015.07 685.87 300-4d 954332 1058.87 97550 100745 673.67
20021 45845 50102 123218 | 41618 480.70  1223.65 156.65 300.c 57758 91245  620.15°  863.09  893.60 1782
20050 | 1614.04 190495  1943.95 | 1202.05° 180751  1909.71 1217.32 30050 1.0 313 745 152 153 301
2005 | 183175  1S61.72 262460 | 1751.33°  1855.15  1876.53 1852.11 3005h | 2036.89 211191 319913 | 1087.76° 210168 2015.20
200_5¢ 3.00 313 6.2 152+ 3.05 3.05 3.05 3005 891.57 00196 9172 | 87A.27° 58955 901.75
20054 | 206086 211051  2613.65 | 1885.14° 210626 2369.47 2112.36 30054 | 1873.22  2009.00 907.43 " 208185 1927.31
20050 | 12038 203578 378108 | 1185.27° 203866 3777.25 1212.74 30050 | 1512.06 153180 1482.64°  1516.23
20010a | 16357.65 1614507 1650616 | 16347.60 1636250 1650591 | 16347.58 500100 | 14398.50  14405.05 14382.50 1430170 1440680 | 12839.36
20010b | 15414.13 1743435 1779558 | 1512850  15436.60 1778227 | 1512847 3000106 | 14841.41 1485127 1625103 | 14823.80 © 1483600 1486042 | 1485127
2001100 | 12778.96 1279156 1615914 | 12767.50 © 1278270 16149.50 | 1275273 3001100 | 14093.90  15066.58 15080.48 | 13843.40  15059.60  15077.5% | 13813.30
200104 | 1419515 1756926 18690.38 | 13101.80 * 1735720  18098.25 | 13107.56 00104 | 12871.28 1582142 1839157 | 10317.40 © 1580070 1785470 | 1581271
200010c | 17115.53  17793.69 1750103 | 15905.60  17787.90  17790.89 | 15896.50 300010c | 15116.39 1520208 1681331 | 14811.80  15279.60  15288.72 | 14805.66
200_15a | 29295.89 2039532 3170117 | 28373.90 © 2035230 2935540 | 28380.13 300154 | 27389.33  27655.07 31796.17 | 23878.30 © 2743020 2741227 | 2741532
200015b | 3053178 30474.24 32326.28 | 30167.50  30458.40 * 3047361 | 30167.53 300015b | 2887127 2007731 3101042 | 28646.00 * 20183.56 886318
200015c | 30373.10 3047463 3088196 | 30083.70 © 3046530  30470.06 | 30164.39 300015c | 2243548 2683585 3200147 | 22208.50 - 3072501 | 2222071
2000150 | 21055.00 23563.88 3165501 | 22822.70 © 2282580 2283188 | 2253194 3000150 | 2835848 3222638 31265.01 | 27833.60 ©  30415.00 3272736 | 27873.22
200015c | 20235.50 20024.40 3210195 | 28602.50  28602.50  28608.64 | 27483.37 300015c | 28775.03 287788 3002106 | 27640.40 © 2875430 2876350 | 2875131
20020a | 1770570 46793.39 5112751 | 40391.60 1201550  12006.76 | 1038851 30020a | 1500530 45330.07 4819515 | A1111.60  41135.50 * 1247076 | 1110518
20020b | 4884739 48502.36 51358.95 | 41671.70 © 4209930  46026.19 | 4231159 30020b | 4839951 46665.25 50520.23 | 42587.40 ©  42086.60  41133.93 7.53
1903063 48137.58 50790.92 | 36926.60 © 4199980 4357101 30020c | 4588555 44382.21 4921270 | 34241.50 ©  31253.70 3 | 3121761
49267.76  49605.03  50607.35 | 30539.10 ©  41156.90 4116850 | 39539.1: 300204 | 4832013 47172.10 5116227 | 42351.40 °  14799.50 12351.44
149550.55  48439.67 5161455 | 41777.30  37156.10 © 41777.28 | 3940851 300200 | 46059.16  46436.68 5009526 | 40923.80  43332.00 37132.16
Average Obj. Valu Best Obj. Values Provious Average Obj. Value Bost Obj. Values Provious
tnstance | ivapes mapes “RASE | inapEB Mapes  GRASE | Best Instance | ivapes Mapes STASE | iMapEB Mapes  CTASE|  Best
10020 0.07 013 701 0.07 © 008 0.00 0.09 500 2a 012 033 011 - 012 103 012
10022b 0.27 048 157 01z 0.34 059 020 500_2b 0.28 051 011 - 018 057 047
10022 0.33 0 276 0.01 " 020 0.88 0.22 500_2c 0.16 043 0.04 119 058
100 24 0.35 0.67 391 0.04 0.63 o1 on 500_2d 0.20 025 0.18 - 041 019
1002¢ 0.20 037 2.63 o012 o021 011 0.10 500_2¢ 0.22 050 010" 0.92 020
10034 6041 16336 19025 1521 15237 7235 5003a 152 152 152 152 152
100731 60.03 13287 155.63 < 12007 121,23 50030 2674 10359 1 7.56 - 120,79 56.23
1003¢ 11.03 1750 24123 118 3910 1521 500_: 71 9221 1SL8) 10.45 138.96 6888
34 165.93 20658 23199 | 108.05° 19857 127.75 500334 168 183 7.02 152 - 153 152
100 3¢ 75.70 14691 20079 51.21° 13364 95,18 500_3¢ 152 153 5.98 151 - 153 52
100_4n 14072 15200  115191| 408.55° 47140 15055 500-1a 183 252 72 152 - 157 153
100_1> 486.03 53647  GS2.41| 366.06° 52250 54121 50041 81417 114145 1173.06 | 752.87 1156.23 81527
100 4c 44083 87437  900.68 | 383.02° 56552 137.95 500_4c 42121 61927 110660 | 241.40 1051.03 606.00
100 4d 54854 78041 59803 | 264.88°  779.46 79472 500_1d 1.93 214 5.06 152 3.01 153
400 e 620.24 86888 913.59 | 572.66 ©  856.95 622,38 500_4c 469.17 52009 59414 |  390.64 ° 611.97 531,12
10050 109852 179536 1910.99 | 1041.83 - 119130 118852 500 5a 244 2.75 763 152 5 3.06 5.06
1452.66 147149 | 1350.88 ©  1445.49 1421.07 5005b | 1755.66  1837.02 235882 | 1315.21°  1826.17 156589 1841.42
£00.7 916.62 | 86247 505.64 902,13 500_5c 1720118 1570.90 286761 | 1643.04© 185488 2513.88 1879.20
246755  2490.68 | 1438.67 °  2450.62 1646.22 5005d -69 374 9.50 2 - 153 7.62 3.05
100 5¢ 1567.76 158633 161346 | 1527.90  1573.68 _ 1595.03 1465.10 50050 219949 205036 | 801.92 249003 254192 817.16
100.10a | 14117.06  14547.91 1520317 | 13791.70 1427480 1480911 770183 500_10a, 61 1208157 1417757 | 12874.20 - 1200480  14159.93 | 12892.03
100106 | 14812186 1704377 1STST.56 | 14526.10 1702090  17908.95 | 10827.98 500010b | 12107.12 1211250 1213925 | 12088.10 1209420 1211556 | 10387.62
40010c | 11671.89 1558955 17115.57 | 10778.50  14503.10 1567245 9202.61 500010c | 12801.53  15230.00 17703.22 | 12586.30  14570.00 1767918 | 10282.30
1000104 | 13712060 1372233 1520141 | 13699.00 1370810  15176.20 s212.01 5000104 | 12800.82  12565.19 1320610 | 12762.50 © 1284540 1288199 | 12823.52
400010c | 11547.89 1614271 16225.97 | 1152890 °  16135.10  16147.33 156244 500_10c | 1485488 1550074  17445.43 | 1415420 15499.50 1534561 | 1421220
100_15a | 30206.00  30977.06 53196.13 | 29097.60 © 30110.50 3238303 | 20131.27 500_15a | 25988.84 2509120 30173.01 | 25965.70  25951.00 20332.66
4000151 25070.56 5.5 | 25859.60  25056.50  28068.73 | 212780 500015h | 22739.25 2865 31807.62 | 22215.40 *  22258.10 < 2225813
400_15¢ 27133.33  30252.50 | 26779.00 * 2678510 2682171 | 20812.58 50015c | 2711641 27108.86  29400.01 | 27094.40  27007.40 2710048 | 25161.22
400_15d 20086.60 33162.53 | 22226.10 2007340  20007.82 | 16172.37 5000150 | 26968.94 2955232 30645.53 | 26324.00 © 2053520 2072230 | 26351.10
400015c | 28712023 3070021 30027.16 | 28214.10 °© 3011140 3072197 | 28123.13 50015 | 26496.11 3015012 3048171 | 24949.10  30140.60 3013150 | 21652.01
100200 | 4490056 15503.00 5.62 | 40907.90 1193770 4502538 | 2513123 50020a | 43085.31 42461.60 1S147.7 | 38330.10 5851970 1206320 | 32807.30
10020b | 4410686 4444543 48047.22 | 40322.20 4032530 4312438 | 37938.93 4310871 41464.94  48705.93 | 35488.90 © 3665100  44350. 36626.55
40020c | 45280.90 4665578  50454.50 | 41868.70 4483460 4499825 | 3276257 42599.51  42070.62  4SOST.84 | 37584.30 © 3761180  41501.00 | 3755735
10020d | 4478721 44002.46  45451.07 | 41297.60  41387.50  41396.68 | 36726.27 43664.83 4164325  AS367.82 | 34696.60 © 1218900  43972.78 | 38TTATH
40020c | 4420629 42089.62  45320.45 | 38942.30 © 3954110 30535.05 | 39541.15 500200 | 42412.02 41547.43 4654112 | 34812.70 © 3901140 39026.66 | 38575.56
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Therefore, in order to bridge this gap, IMADEB has been designed along
the following lines:

e a non-redundant binary representation for the MDTWNPP;
e an algebraic modeling for the new genotypic space;

e a self-adaptive mechanism, built on the basis of the Lévy flight concept,
for regulating the exploration-exploitation balance of the search;

e a restricted neighborhood which allows a smoother local exploration of
the space.

All these aspects are to be considered novelties with respect to previous
proposals.

Experiments have been held in order to analyze iMADEB robustness and
to compare its effectiveness with respect to the other state-of-the-art algo-
rithms. Regarding robustness, though iMADEB has three parameters to be
set, the experimental study carried out provides clear and robust indications
for the practitioners that need to choose an iMADEB setting. Most impor-
tantly, the experimental comparison with the previously proposed approaches
clearly show that iMADEB can be considered the new state-of-the-art algo-
rithm for the MDTWNPP, both in terms of average and peak results. More-
over, comprehensive experimental data are also provided in order to facilitate
comparisons.

Future studies may involve different lines. First of all, it is interesting to
study which features make an MDTWNPP instance difficult or easy to solve.
Moreover, the proposed approach can be generalized both to the multiway
variant of the MDTWNPP and to other partitioning problem such as, for
example, the graph partitioning problems. Another interesting line of re-
search is to study the novel algebraic method here proposed for other binary
optimization problems. Finally, the Lévy flight approach can be extended
also to other scenarios where an exploration-exploitation balance is required
in order to automatically regulate the focus of the search.
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