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Abstract. Algebraic evolutionary algorithms are an emerging class of
meta-heuristics for combinatorial optimization based on strong mathe-
matical foundations. In this paper we introduce a decomposition-based
algebraic evolutionary algorithm, namely MOEA/DEP, in order to deal
with multiobjective permutation-based optimization problems. As a case
of study, MOEA/DEP has been experimentally validated on a multiob-
jective permutation flowshop scheduling problem (MoPFSP). In partic-
ular, the makespan and total flowtime objectives have been investigated.
Experiments have been held on a widely used benchmark suite, and the
obtained results have been compared with respect to the state-of-the-art
Pareto fronts for MoPFSP. The experimental results have been analyzed
by means of two commonly used performance metrics for multiobjective
optimization. The analysis clearly shows that MOEA/DEP reaches new
state-of-the-art results for the considered benchmark.

Keywords: Algebraic Evolutionary Algorithms, Multiobjective Opti-
mization, Permutation Flowshop Scheduling Problem

1 Introduction and Related Work

Multiobjective optimization is receiving a growing level of interest in the evo-
lutionary computation community (see for example [18, 22, 23]). Indeed, several
real-world problems can be modeled using two or more objectives to be opti-
mized simultaneously. Since the objectives may contrast each other, a popula-
tion of somehow good (i.e., Pareto optimal) solutions is generally required by
a decision maker. Hence, the innate ability of evolutionary algorithms to deal
with populations of solutions explains their wide and successful application in
multiobjective optimization.

Recently, an algebraic framework has been successfully proposed as a general
method to transform popular continuous meta-heuristics, such as Differential
Evolution (DE) [13] and Particle Swarm Optimization (PSO) [2], to powerful
algebraic evolutionary algorithms for combinatorial optimization. In particular,
DEP (Differential Evolution for Permutations) has obtained state-of-the-art re-
sults on single-objective Permutation Flowshop Scheduling Problems (PFSPs)
[13, 14].
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In this paper, basing on the widely known decomposition-based MOEA/D
framework [21], we propose an algebraic evolutionary algorithm for multiobjec-
tive permutation-based optimization problems. Our algorithm, namely MOEA/DEP,
is mainly based on the algebraic differential mutation operator [13, 3]. As a case
of study, we apply MOEA/DEP to a multiobjective PFSP (MoPFSP) [11] con-
sidering the makespan and total flowtime as objectives.

In MoPFSP, a set J = {1, . . . , n} of n jobs has to be scheduled on a set
M = {1, . . . ,m} of m machines. M is provided with a fixed order and each job
has to visit, in the given order, all the machines. The processing time of job
j ∈ J on machine i ∈ M is given by pi,j . Every machine can process only one
job at a time. Preemption and job-passing are not allowed. Hence, MoPFSP
requires to find a permutation π = 〈π(1), . . . , π(n)〉 of the n jobs that minimizes
both the makespan (MS) and total flowtime (TFT) objective functions, defined,
respectively, as

fMS = c(m,π(n)), (1)

fTFT =

n∑
j=1

c(m,π(j)), (2)

where, in both definitions, c(i, π(j)) is the completion time of the job π(j) on
the i-th machine and it is recursively computed as

c(i, π(j)) = pi,π(j) + max{c(i, π(j − 1)), c(i− 1, π(j))}, (3)

when i > 1 and j > 1, while the terminal cases are:

c(1, π(1)) = p1,π(1),

c(1, π(j)) = p1,π(j) + c(1, π(j − 1)),

c(i, π(1)) = pi,π(1) + c(i− 1, π(1)).

(4)

A literature review for MoPFSP has been proposed in [11], where the perfor-
mances of 23 algorithms have been compared. According to the authors, when
MS and TFT are considered as objectives, the best performing algorithm is
a multiobjective variant of the simulated annealing algorithm [19]. These re-
sults were later improved by RIPG [12] and TP+PLS [9]: both algorithms are
mainly based on local search procedures hybridized with other heuristic mecha-
nisms. However, to the best of our knowledge, current state-of-the-art results are
those recently obtained in [20] by an estimation of distribution algorithm based
on Mallows models, namely MEDA/D-MK. Therefore, we have experimentally
compared our proposal with the reference Pareto fronts provided by the authors
of [20].

The rest of the paper is organized as follows. Background concepts about
multiobjective optimization and the popular MOEA/D framework are provided
in Section 2. Section 3 briefly recalls the algebraic framework for combinatorial
evolutionary algorithms. MOEA/DEP is introduced in Section 4, while the ex-
perimental analysis is provided in Section 5. Finally, conclusions are drawn in
Section 6 where some future lines of research are also depicted.
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2 Multiobjective Optimization and MOEA/D Framework

Without loss of generality, a Multiobjective Optimization Problem (MOP) can
be represented as k objective functions f1, . . . , fk to minimize, each one defined
on a decision space X, i.e., fi : X → R for all i ∈ {1, . . . , k}.

Given two solutions x, y ∈ X, x dominates y, denoted by x ≺ y, if and only
if: fi(x) ≤ fi(y) for all i ∈ {1, . . . , k}, and fi(x) < fi(y) for at least one i. If
the two solutions x and y are such that neither x ≺ y nor y ≺ x, then they are
incomparable.

A solution x ∈ X is Pareto optimal if there exists no other solution y ∈ X
such that y ≺ x. The Pareto set (PS ) is the set of all the Pareto optimal solutions
for a given MOP. It is easy to show that the solutions in PS are incomparable.
The images of the PS solutions in the objective space are called Pareto front
(PF ), i.e., PF = {(f1(x), . . . , fk(x))|x ∈ PS}.

The goal of an algorithm for multiobjective optimization is to find a set of
incomparable solutions that approximates as much as possible the Pareto front of
the given MOP. Often, diversity in the objective space is also taken into account
in order to provide a good coverage of the true Pareto front.

The population-based nature of Evolutionary Algorithms (EAs) makes them
particularly suited in solving MOPs, hence a variety of multiobjective EAs
(MOEAs) have been proposed [7, 18, 22]. The most popular classes of MOEAs
are: (i) domination-based, (ii) indicator-based, and (iii) decomposition-based. In
this paper we focus on the decomposition-based approach and, in particular, on
the MOEA/D framework originally proposed in [21].

MOEA/D decomposes a MOP into several single objective subproblems such
that every population individual optimizes its own subproblem. The population
evolves and interacts by means of variation and replacement operators, while the
approximated Pareto set is maintained as an external archive of incomparable
solutions which are updated every time a new solution is generated.

MOEA/D requires a set of weight vectors and an aggregation function in
order to generate N single objective subproblems and their neighborhoods.

The N weight vectors λ1, . . . , λN are k-dimensional (where k is the number
of objectives), their components are non-negative and sum-up to 1. With the aim
of maintaining a certain degree of diversity, the weight vectors need to be evenly
spread. In [21], the setting of N and λ1, . . . , λN is controlled by a parameter H,
thus that λ1, . . . , λN are all the possible weight vectors whose components take
a value from

{
0
H ,

1
H , . . . ,

H
H

}
and sum-up to 1. Hence, N and H are related by

N =
(
H+k−1
k−1

)
.

The aggregation function has the form g : X × Rk → R. The two most
popular choices for g are the weighted sum gws and the Tchebycheff function
gtcz that, given a solution x ∈ X and a weight vector λ ∈ Rk, are respectively
defined as

gws(x|λ) =

k∑
i=1

λifi(x), (5)
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gtcz (x|λ) = max
1≤i≤k

{λi|fi(x)− zi|}, (6)

where z ∈ Rk is the reference point in the objective space that it is ideally
set such that zi = min{fi(x)|x ∈ X} for all i ∈ {1, . . . , k}. Practically, it is
dynamically adjusted with the best objective values encountered so far in the
evolution.

N population individuals, one for each weight vector, are deployed. The i-th
individual is formed by: a candidate solution xi, a weight vector λi, its fitness
is given by g(xi|λi), and its neighborhood Bi is defined as Bi = {i1, . . . , iT },
where, for all j ∈ Bi, λj is among the T closest vectors to λi (by considering
Euclidean distance).

The solutions x1, . . . , xN are randomly initialized and the non-dominated
ones enter the external archive EP . The populations x1, . . . , xN and EP are
iteratively evolved by means of genetic variation and replacement operators. For
each individual i, a new solution x′i is generated by using genetic operators, such
as crossover and mutation, designed for the representation at hand. Usually, x′i
is obtained by recombining one or more solutions from {xj |j ∈ {i} ∪Bi}. Then,
x′i replaces xi if fitter in the i-th subproblem, i.e., when g(x′i|λi) < g(xi|λi).
Similarly, neighbors replacement is performed by comparing x′i with its neigh-
bors, i.e., for each index j ∈ Bi, x′i replaces xj if g(x′i|λj) < g(xj |λj). Moreover,
x′i is also used to update the solutions in EP . At the end of the evolution, the
approximated Pareto set is given by EP .

3 Algebraic Differential Evolution for Permutations

As described in [13], the design of the Algebraic Differential Evolution (ADE)
resembles that of the classical DE. The population {x1, . . . , xN} of N candi-
date solutions is iteratively evolved by means of the three operators of differen-
tial mutation, crossover and selection. Differently from numerical DE, ADE ad-
dresses combinatorial optimization problems whose search space is representable
by finitely generated groups. Since crossover and selection schemes for combina-
torial spaces are widely available in literature, the main focus is on the Differ-
ential Mutation (DM) operator. DM is widely recognized as the key component
of DE [16] and, in its most common variant, generates a mutant v according to

v ← xr0 ⊕ F � (xr1 	 xr2) (7)

where xr0 , xr1 , xr2 are three randomly selected population individuals, while F ∈
[0, 1] is the DE scale factor parameter. In numerical DE, the operators⊕,	,� are
the usual vector operations of Rn, while, in ADE, their definitions are formally
derived using the underlying algebraic structure of the search space.

The triple (X, ◦, G) is a finitely generated group representing a combinatorial
search space if:

– X is the discrete set of solutions;
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– ◦ is a binary operation on X satisfying the group properties, i.e., closure,
associativity, identity (e), and invertibility (x−1); and

– G ⊆ X is a finite generating set of the group, i.e., any x ∈ X has a (not
necessarily unique) minimal-length decomposition 〈g1, . . . , gl〉, with gi ∈ G
for all i ∈ {1, . . . , l}, and whose evaluation is x, i.e., x = g1 ◦ · · · ◦ gl.

For the sake of clarity, the length of a minimal decomposition of x is denoted
with |x|.

Using (X, ◦, G) we can provide the formal definitions of the operators ⊕,	,�.
Let x, y ∈ X and 〈g1, . . . , gk, . . . , g|x|〉 be a minimal decomposition of x, then

x⊕ y := x ◦ y, (8)

x	 y := y−1 ◦ x, (9)

F � x := g1 ◦ · · · ◦ gk, with k = dF · |x|e and F ∈ [0, 1]. (10)

The algebraic structure on the search space naturally defines neighborhood
relations among the solutions. Indeed, it induces a colored digraph whose vertices
are the solutions in X and two generic solutions x, y ∈ X are linked by an arc
with color g ∈ G if and only if y = x ◦ g. Therefore, a simple one-step move can
be directly encoded by a generator, while a composite move can be synthesized
as the evaluation of a sequence of generators (a path on the graph). In analogy
with Rn, the elements of X can be dichotomously interpreted both as solutions
(vertices on the graph) and as displacements between solutions (colored paths
on the graph). As detailed in [13], this allows to provide a rational interpretation
to the discrete DM of definition (7). The key idea is that the difference x	 y is
the evaluation of the generators on a shortest path from y to x.

Clearly, ⊕ and 	 do not depend on the generating set, thus they are uniquely
defined. Conversely, � relies on the chosen generating set and, also fixing it, a
minimal decomposition is not unique in general. Therefore, � is implemented as
a stochastic operator, thus requiring a randomized decomposition algorithm for
the finitely generated group at hand.

The algebraic Differential Evolution for Permutations (DEP) [13] is an im-
plementation of ADE for the search space of permutations. Indeed, the permu-
tations of the set {1, . . . , n}, together with the usual permutation composition,
form the so-called Symmetric group S(n). Since S(n) is finite, it is also finitely
generated. Different choices for the generating set are possible. The most com-
mon and practical ones are:

– ASW , which is based on adjacent swap moves and it is formally defined as

ASW = {σi : 1 ≤ i < n}, (11)

where σi is the identity permutation with the items i and i + 1 exchanged.
Hence, given a generic π ∈ Sn, the composition π ◦ σi swaps the i-th and
(i+ 1)-th items of π.
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– EXC , which is based on exchange moves and it is formally defined as

EXC = {εij : 1 ≤ i < j ≤ n}, (12)

where εij is the identity permutation with the items i and j exchanged.
Hence, given a generic π ∈ Sn, the composition π ◦ εij swaps the i-th and
j-th items of π.

– INS , which is based on insertion moves and it is formally defined as

INS = {ιij : 1 ≤ i, j ≤ n}, (13)

where ιij is the identity permutation where the item i is shifted to position
j. Hence, given a generic π ∈ Sn, the composition π ◦ ιij shifts the i-th item
in π to position j.

A minimal decomposition for a generic permutation π ∈ Sn can be obtained
by ordering the items in π using a sorting algorithm that only performs moves
from the chosen set, i.e., adjacent swaps for ASW , generic exchanges for EXC ,
and insertions for INS . The sequence of generators corresponding to the moves
performed during the sorting process is annotated, then the sequence is reversed
and each generator is replaced with its inverse [13].

Therefore, randomized decomposers for ASW , EXC , and INS have been
implemented by means of generalized and randomized variants of, respectively,
the bubble-sort, selection-sort, and insertion-sort algorithms [13, 3]. They have
been called RandBS , RandSS , RandIS and each one exploits a different algebraic
property of permutations. Since (the ordered permutation) e is the only permu-
tation with 0 inversions, RandBS iteratively decreases the number of inversions
by swapping two suitable adjacent items. RandSS exploits the fact that e is the
only permutation with n cycles in its cycle decomposition, thus it iteratively
increases the number of cycles by exchanging two items belonging to the same
cycle. RandIS considers that e is the only permutation with a (unique) longest
increasing subsequence (LIS) of length n, thus it iteratively extends a LIS by
shifting a suitable item in a suitable position.

For further implementation details, proofs of correctness and complexity we
refer the interested reader to [13] and [3].

4 MOEA/DEP

In this section we introduce MOEA/DEP: an algebraic evolutionary algorithm
for permutation-based multiobjective optimization problems. MOEA/DEP im-
plements the MOEA/D framework, described in Section 2, by relying on the
algebraic operators for the permutations space described in Section 3.

Given a MOP represented by k objective functions such as fi : Sn → R for
all i ∈ {1, . . . , k}, MOEA/DEP decomposes the MOP into N single objective
subproblems and simultaneously minimizes them by evolving a population of N
permutations π1, . . . , πN ∈ Sn that are also used to build up the approximated
Pareto set in the archive EP .
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The algorithmic scheme of MOEA/DEP is depicted in Algorithm 1. Various
initializations are performed at lines 1–4, then the population is evolved in the
generational loop of lines 5–23. Every iteration can be divided in two parts:
offsprings generation (lines 6–12), and population update (lines 13–22). When
a given termination criterion is met, MOEA/DEP returns the approximated
Pareto set EP .

Algorithm 1 MOEA/DEP scheme

1: Initialize N evenly distributed weight vectors λ1, . . . , λN

2: For all i ∈ {1, . . . , N}, compute the Bi neighborhood of size T
3: Initialize N permutations (solutions) π1, . . . , πN

4: Initialize EP with the non-dominated solutions in {π1, . . . , πN}
5: while termination condition is not met do
6: for each subproblem i ∈ {1, . . . , N} do
7: Set Ci ← {1, . . . , N} \ {i} with probability q, or Bi otherwise
8: Randomly select three distinct indices r0, r1, r2 from Ci

9: Set the “base permutation” ρi ← πr0 and perturbate it with probability pm
10: Generate the mutant νi ← ρi ⊕ F � (πr1 	 πr2) with the chosen gset
11: Generate the offspring π′

i ← CrossOver(πi, νi,CR)
12: end for
13: for each subproblem i ∈ {1, . . . , N} do
14: Evaluate f1(π′

i), . . . , fk(π′
i) and update EP

15: Update πi:

16: if g(π′
i|λi) < g(πi|λi), then πi ← π′

i

17: Update neighbors (no more than U):
18: set u← 0
19: while Ci 6= ∅ and u < U do

20: j ← select and remove a random index from Ci

21: if g(π′
i|λj) < g(πj |λj), then πj ← π′

i and u← u+ 1
22: end for
23: end while
24: return EP

Detailed descriptions of the initialization, offsprings generation, and popula-
tion update are provided in, respectively, Sections 4.1, 4.2, and 4.3, while a short
description of the employed crossover operators is provided in Section 4.4.

4.1 Initialization

The initializations performed at lines 1–4 have been implemented following the
original MOEA/D scheme [21] described in Section 2. Moreover, the initial indi-
viduals π1, . . . , πN are sampled uniformly random among all the permutations in
Sn, though, optionally, one of them can be initialized using a heuristic function
for the problem at hand (e.g., the Liu-Reeves constructive heuristic for PFSP
[10]).
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4.2 Offsprings generation

At lines 6–12, starting from the current individuals π1, . . . , πN , a population of
offsprings π′1, . . . , π

′
N is generated by means of the differential mutation (DM)

and crossover operators.
Two variants with respect to the original MOEA/D and DM schemes have

been considered:

1. A (possibly) extended neighborhood : at lines 7–8, the three individuals under-
going DM are randomly selected from the whole population with probability
q, or from the neighbors in Bi with probability 1− q.

2. A pre-mutation operation: at line 9, the so-called “base individual” of DM
undergoes a preliminary small perturbation with probability pm. The per-
turbation is implemented as a single random insertion move, i.e., ρi ← ρi ◦ ι,
where ι is randomly selected from INS .

Both the extended neighborhood and the pre-mutation allow to mitigate the loss
of diversity in the population. Indeed, since π�F (π	π) = π for any π ∈ Sn and
F ∈ [0, 1], the DM operator cannot generate novel genotypes once the pool from
which it selects its input individuals is converged to a super-genotype. Hence,
the extended neighborhood mitigates this problem by also allowing the selection
from the whole population. Moreover, if also the whole population is converged
to a single-genotype, the pre-mutation allows anyway to make small moves.

Basing on the chosen generating set gset ∈ {ASW ,EXC , INS}, at line 10,
the mutant νi is generated by means of the algebraic DM operator described in
Section 3.

Finally, at line 11, an offspring π′i is obtained by recombining the mutant νi
with the original individual πi. The parameter CR may, or may not, be consid-
ered basing on the chosen crossover operator. See Section 4.4 for their definitions.

4.3 Population update

At lines 13–22, both the main population π1, . . . , πN and the external archive
EP are updated by considering the newly generated offsprings π′1, . . . , π

′
N .

EP is updated using a non-dominance criterion. A new solution π′ enters EP
if and only if there exists no ρ ∈ EP such that ρ ≺ π′. Once π′ is added to EP ,
every ρ ∈ EP such that π′ ≺ ρ is removed from EP . Hence, at any moment of the
evolution, EP contains the set of incomparable solutions that are not dominated
by any of the solutions generated so far.

The main population individuals π1, . . . , πN are updated basing on their
own single objective subproblem. Basically, the MOEA/D scheme described in
Section 2 is applied with only few variants.

Since the k MOP objective functions may have different scales, as in [6] and
[20], we have used a normalization approach for both the weighted sum and the
Tchebycheff aggregation functions. Hence, the equations (5) and (6) are replaced
with

gws
z,w(x|λ) =

k∑
i=1

λi
fi(x)− αzi
wi − zi

, (14)
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gtcz,w(x|λ) = max
1≤i≤k

{
λi
fi(x)− αzi
wi − zi

}
, (15)

where each zi and wi are, respectively, the minimum (best) and the maximum
(worst) values observed so far for the i-th objective function, while an α < 1
guarantees that αzi is a proper lower bound. As in [6] and [20], we set α = 0.6.

Therefore, basing on the chosen aggregation function g ∈ {gws , gtc}, the
population is updated similarly to the general framework described in Section
2. Note that the (possibly) extended neighborhood introduced in Section 4.2
influences also the neighbors replacement. Moreover, for the sake of population
diversity, a limited neighborhood update has been introduced, i.e., every offspring
is allowed to replace no more than U neighbors (that are randomly scanned).

4.4 Crossover for permutations

In this work we have experimented two popular crossovers for permutation rep-
resentations, namely, the two point crossover TPII adopted in [13] and the order
based crossover OBX used in [3, 1].

Given the parents π, ν ∈ S(n), both TPII and OBX select a random subset
of positions P ⊆ {1, . . . , n} and build the offspring π′ ∈ S(n) by setting π′(i)←
π(i) for any i ∈ P , and inserting the remaining items starting from the leftmost
free place of π′ and following the order of appearance in ν.

The difference between TPII and OBX is that TPII uses an interval of
contiguous positions, while, in OBX , P can be any subset.

Furthermore, two additional variants of TPII and OBX have been intro-
duced in order to consider the classical DE crossover parameter CR ∈ [0, 1]. The
modified variants, TPIICR and OBXCR, constrain the size of P to |P | = dCR·ne.

Therefore, in line 11 of Algorithm 1, CrossOver is chosen from {TPII ,OBX ,
TPIICR,OBXCR}.

5 Experiments

MOEA/DEP has been experimentally investigated on the multiobjective PFSP
(MoPFSP) considering the two popular objectives MS and TFT defined, respec-
tively, in equations (1) and (2).

Experiments have been held on the widely known Taillard benchmark suite
for PFSP [17] composed by 110 instances, i.e., 10 instances for each combina-
tion of n = {20, 50, 100, 200} (number of jobs) and m = {5, 10, 20} (number of
machines), except the combination n = 200,m = 5.

The effectiveness of MOEA/DEP is compared with the recent state-of-the-art
algorithm for MoPFSP, i.e., the estimation of distribution algorithm MEDA/D-
MK introduced in [20]. In order to perform a fair comparison, the same perfor-
mance metrics used in [20] have been considered, i.e., the hypervolume (HV ) [4]
and the coverage indicator (C-metric) [15].

The hypervolume is computed by means of a reference point w ∈ Rk in
the objective space dominated by all the considered solutions. Hence, given a
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set of solutions A, HV (A) measures the volume of the part of objective space
dominated by A and bounded by w. The exact formulation of HV is provided
in [4]. Moreover, as done in [20], the Pareto fronts have been normalized using
the same mechanism of equations (14) and (15), while w is set to (1.01, 1.01).

The C-metric compares two solutions sets A and B by counting the relative
number of solutions in B that are dominated by at least one solution in A, i.e.,
C(A,B) = |{b ∈ B|∃a ∈ A : a ≺ b}| /|B|. Note that C is not symmetric, thus
C(A,B) is usually compared with C(B,A) in order to establish which is the
best solutions set.

Also the same termination criterion of [20] has been adopted, i.e., every
MOEA/DEP execution terminates after n × 1000 generations have been per-
formed.

In the following two subsections we describe the MOEA/DEP parameters’
calibration and the results of the comparison with MEDA/D-MK.

5.1 Parameters calibration

MOEA/DEP has different components and parameters that need to be appro-
priately tuned.

One of the initial individual is generated by means of the popular Liu-Reeves
procedure LR(n/m) [10] used in variety of PFSP algorithms (see for example
[13, 20]), while the other ones are randomly initialized. The differential evolution
parameters F and CR are self-adapted during the evolution by means of the
popular self-adaptive scheme jDE [5]. After some preliminary experiments we set
N = 100, T = 20, U = 2, while the other parameters have been experimentally
tuned by means of a full factorial analysis. The chosen ranges are:

– g ∈ {gws , gtc};
– q ∈ {0.25, 0.5, 0.75};
– pm ∈ {0.7, 0.85, 1};
– gset ∈ {ASW ,EXC , INS};
– CrossOver ∈ {TPII ,OBX ,TPIICR,OBXCR}.

Hence, a total of 216 MOEA/DEP settings have been executed on the first
instance of every n×m problem configuration by performing 10 executions per
setting. The total number of executions amounts to 23 760.

For every run, the hypervolume of the obtained Pareto set is computed. Then,
on every instance inst , the hypervolumes of the same algorithm setting alg have
been aggregated using the average relative percentage deviation measure

ARPDalg
inst =

1

10

10∑
i=1

(
HV best

inst −HV alg,i
inst

)
HV best

inst

× 100, (16)

where HV alg,i
inst is the hypervolume obtained by the setting alg on its i-th run on

the instance inst , while HV best
inst is the best hypervolume obtained by any setting

in any run on the instance inst .
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The setting with the best Quade average rank [8] computed on the ARPD
values is chosen. Briefly, in any instance a ranking of the algorithms/settings
is obtained basing on its ARPD value. The instances are weighted basing on
the variability of its ARPDs. Finally, the ranks of an algorithm on the different
instances are aggregated using a weighted average. For further details, see [8].

The winning MOEA/DEP configuration is

g = gws , q = 0.75, pm = 0.7, gset = INS ,CrossOver = TPII . (17)

5.2 Comparison with MEDA/D-MK

MEDA/D-MK has been recently proposed in [20] where it has been shown to
be the state-of-the-art algorithm for the MoPFSP with the objectives MS and
TFT.

In order to compare MOEA/DEP with MEDA/D-MK, the tuned MOEA/DEP
setting (see Section 5.1) has been executed, 20 times per instance, on the 110
benchmark instances, while the Pareto fronts of MEDA/D-MK have been ob-
tained from the website of their authors1. Moreover, as done in [20], given an
instance, the 20 Pareto fronts obtained by MOEA/DEP have been aggregated
into a single Pareto front by merging them and removing the dominated solu-
tions.

The comparison between the Pareto fronts has been performed using both
the hypervolume and the C-metric. The experimental results, averaged for any
n ×m problem configuration, are provided in Table 1, where A and B denote,
respectively, MOEA/DEP and MEDA/D-MK.

Table 1. Comparison between A=MOEA/DEP and B=MEDA/D-MK

Problem HVA HVB C(A,B) C(B,A)

20× 5 0.884 0.612 0.988 0
20× 10 0.901 0.640 0.997 0
20× 20 0.889 0.648 0.993 0

50× 5 0.981 0.730 0.995 0
50× 10 0.904 0.623 0.937 0
50× 20 0.906 0.635 0.938 0.003

100× 5 0.984 0.597 0.989 0
100× 10 0.944 0.521 0.949 0
100× 20 0.885 0.622 0.884 0

200× 10 0.959 0.497 0.997 0
200× 20 0.862 0.547 0.882 0

Table 1 clearly shows that MOEA/DEP systematically outperforms MEDA/D-
MK. The difference in terms of hypervolumes is particularly large on the in-
stances with n = 200, though it is never below 0.2. Moreover, remarkable results

1 https://github.com/murilozangari
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are obtained also considering C-metric. In general, around 90% of the solutions
in the Pareto sets of MEDA/D-MK are dominated by our results.

Finally, note that also the Pareto fronts obtained in a single run of MOEA/DEP
are generally better than the reference ones, though with a slightly smaller dif-
ference with respect to the data provided in Table 1.

6 Conclusion and Future Work

In this paper, basing on the recently proposed algebraic framework for combi-
natorial optimization, we have introduced MOEA/DEP: a decomposition-based
algebraic evolutionary algorithm for multiobjective permutation-based problems.

The selection and replacement mechanisms of MOEA/DEP are based on
the MOEA/D framework for multiobjective optimization. Moreover, in order to
mitigate the diversity loss during the evolution, MOEA/DEP introduces some
additional components and variants such as: a pre-mutation procedure, a (pos-
sibly) extended neighborhood for individuals selection, and a limited update of
the neighboring individuals.

Experiments have been held on the multiobjective permutation flowshop
scheduling problem (MoPFSP) considering the two popular criteria: makespan
and total flowtime. A commonly used benchmark suite has been considered. The
MOEA/DEP parameters have been properly calibrated, and the experimental
results have been compared with respect to recent state-of-the-art results for
MoPFSP [20]. The experimental analysis has been conducted using two popular
performance metrics for multiobjective optimization. The experimental results
clearly show that MOEA/DEP systematically outperforms the previous state-
of-the-art algorithm.

Starting from the significant results obtained in this work, future lines of
research will include: (i) the application of MOEA/DEP to other MoPFSP ob-
jectives and to other permutation-based multiobjective problems, (ii) the use of
the three generating sets altogether by means of a self-adaptive scheme.
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