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Abstract. This paper introduces MADEB, a Memetic Algebraic Differ-
ential Evolution algorithm for the Binary search space. MADEB has been
applied to the Multidimensional Two-Way Number Partitioning Prob-
lem (MDTWNPP) and its main components are the binary differential
mutation operator and a variable neighborhood descent procedure. The
binary differential mutation is a concrete application of the abstract alge-
braic framework for the binary search space. The variable neighborhood
descent is a local search procedure specifically designed for MDTWNPP.
Experiments have been held on a widely accepted benchmark suite and
MADEB is experimentally compared with respect to the current state-
of-the-art algorithms for MDTWNPP. The experimental results clearly
show that MADEB is the new state-of-the-art algorithm in the problem
here investigated.
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1 Introduction

In this paper we propose a memetic binary variant of the Algebraic Differential
Evolution (ADE) algorithm [1], namely, MADEB, for the multidimensional two-
way number partitioning problem (MDTWNPP) [2].

MDTWNPP has been originally introduced in [2] as a multidimensional gen-
eralization of the more famous number partitioning problem (NPP) [3].

An instance of MDTWNPP is given as a set S of n real-valued vectors of
dimension d, i.e., S = {wk ∈ Rd : 1 ≤ k ≤ n}. The objective is to partition S
into two subsets S0 and S1, i.e., S0 ∪ S1 = S, S0 ∩ S1 = ∅, and such that the
sum of the vectors in S0 is as close as possible to that of S1. Formally, given the



partition {S0, S1}, the objective function to be minimized is

f(S0, S1) = max
1≤j≤d

∣∣∣∣∣ ∑
wi∈S0

wij −
∑

wi∈S1

wij

∣∣∣∣∣ , (1)

where wij is the j-th component of the vector wi.

Clearly, any partition {S0, S1} can be represented as a n-length bit-string x,
i.e., x ∈ Bn, in such a way that x(i) = 0 when wi ∈ S0, and x(i) = 1 when
wi ∈ S1. Therefore, MDTWNPP is a binary optimization problem.

MDTWNPP is NP-hard because, for d = 1, it reduces to the optimization
variant of classical NPP. Moreover, as described in [2], MDTWNPP is even
more difficult than NPP, because the computational complexity of its instances
does not decrease together with the ratio between the number of bits needed to
express any input element and the quantity of input elements (as it has been
observed to happen in NPP instances [3, 4]). This greater complexity has been
also experimentally confirmed in [5], where it has been observed that CPLEX,
applied to an integer linear programming model for MDTWNPP, has never been
able to compute a better lower bound than the trivial one, i.e., zero.

For these reasons, meta-heuristic algorithms have recently been applied to
MDTWNPP [6, 7, 5]. Following this line of research, here we introduce a binary
variant of the Algebraic Differential Evolution (ADE) algorithm specifically de-
signed for MDTWNPP. ADE has been originally introduced in [1, 8] and, though
it has been extensively applied to permutation-based optimization problems [9–
13], the abstract algebraic framework at its bases works with any finitely gener-
ated group [1, 14].

In this paper, we show how it is possible to see the binary search space
Bn as a finitely generated group, thus we formally derive an algebraically and
geometrically consistent implementation of the differential mutation operator for
the Bn space. It is worthwhile to note that our proposal is substantially different
from the other binary DE schemes in the literature. For example, [15] and [16]
propose two binary DEs that mainly work in the continuous space and decode
back the numerical vectors to bit-strings as soon as they are needed.

Besides, we introduce two new algorithmic components: (i) a modified ini-
tialization scheme, (ii) an effective variable neighborhood descent scheme for
MDTWNPP.

Due to these considerations, we will call our algorithm MADEB (Memetic
Algebraic Differential Evolution for the Binary space) in the rest of paper, that
has been organized as follows. Section 2 provides a brief review of the state-of-
the-art algorithms for MDTWNPP. The main scheme of MADEB is introduced
in Section 3. Its key operators, i.e., the binary algebraic differential mutation and
the variable neighborhood descent are introduced and motivated in Sections 4
and 5. Computational experiments have been described and analyzed in Section
6. Finally, conclusion are drawn in Section 7 which also depicts some possible
future lines of research.



2 Related Work

In this section we describe the main approaches used to solve MDTWNPP. Al-
though this problem is a direct generalization of the number partitioning prob-
lem [3], many techniques used to solve the latter cannot be extended to the
multidimensional case, like, for instance, the Karmarkar-Karp heuristic (see [2]).

The MDTWNPP has been defined in [2], where an integer linear program-
ming formulation is provided. Here, a set of 210 benchmark instances have been
randomly generated and solved by using the linear programming solver CPLEX.

A memetic algorithm (MA) has been defined in [6] for solving a generaliza-
tion of the MDTWNPP, called multidimensional multiway number partitioning
problem, in which the vectors must be partitioned in p ≥ 2 subsets. The MA is
a genetic algorithm which produces, at each generation, 10 offsprings for every
population individual by means of crossover, mutation and local search opera-
tors. The best offsprings are then selected for the next-generation population.
The local search method uses a k-change neighborhood, for k = 1, 2, 3, where k
denotes the number of bits changed by a single move. The authors performed
computational experiments also in the case of p = 2, i.e., in the MDTWNPP
problem. The results show that MA outperforms CPLEX in most instances.

Two other meta-heuristic approaches have been introduced in [7].
The first one is a VNS-like procedure which operates on a incumbent solution

x, represented as a bit-string. A series of increasing neighborhoods Nk(x) are
employed in the shaking phase, along with a local search whose elementary step
is to flip a 0-bit and a 1-bit of x. This corresponds to swap two vectors: one
vector moves from partition S0 to partition S1, while the other one moves in the
opposite direction. The generic neighborhood Nk(x) is defined as the set of all
the bit-strings having Hamming distance k from x. The parameter k is increased
from kmin = 2 to kmax = min{30, bn/4c} (in a circular way) at every iteration
where the new solution does not improve the incumbent one.

The second meta-heuristic uses an Electromagnetism-like (EM) approach.
Solutions are represented as real vectors with components in [0, 1]. The partition
associated to a solution is defined by applying a threshold equal to 0.5. At each
generation, every solution undergoes to a local search and scale operators, then
all the solutions are moved according to “electromagnetic forces” that can be
attractive or repulsive and depend on the objective values.

The experimental results show that VNS and EM obtained comparable per-
formances and both outperform MA and CPLEX.

Finally, in [5], a GRASP equipped with an Exterior Path Relinking method
is described. The algorithm evolves a set of solutions, called elite set. At each
step, the GRASP procedure produces a new solution by means of two operations:
construction and local improvement. The former operation builds-up a solution
by means of a greedy method, while the latter iteratively improves the incumbent
solution by using a possibly restricted local search in the space of the 2-change
neighborhood. Then, the Path Relinking phase explores a path from the new
solution si to a randomly selected solution sG in the elite set (Interior PR) or
beyond sG (Exterior PR), returning the best solution found in the path. The



configuration with the Exterior Path Relinking, i.e., GRASP+ePR, resulted in
better performances and, compared with VNS and CPLEX, it almost always
outperformed them, thus representing the current state-of-the-art algorithm for
MDTWNPP.

3 The general scheme of MADEB

The classical Differential Evolution (DE) [17, 18] is a popular and effective evolu-
tionary algorithm for continuous optimization problems that iteratively evolves
a population of numerical vectors by means of three genetic operators: differen-
tial mutation, crossover, and selection. In particular, the differential mutation
is widely considered to be the key component of DE [19]. Despite its proven
effectiveness in numerical optimization [20, 21], most of the DE schemes for com-
binatorial problems are not so effective, perhaps, because their search behavior
is loosely connected to the working mechanisms of continuous DE (see, for ex-
ample, [15, 16]). In order to fill this gap, in [1], an original algebraic framework
has been introduced in order to design a differential mutation for combinatorial
search spaces in such a way that it consistently simulates the behavior of its
numerical counterpart. The framework abstractly defines the design of the com-
binatorial differential mutation in any finitely generated group. In the previous
works, implementations for the permutations search space have been proposed
[8, 12]. In MADEB, we introduce the first instantiation of the abstract combina-
torial differential mutation for binary search spaces.

Therefore, MADEB evolves a population of N bit-strings by iterative appli-
cations of the following operators: binary algebraic differential mutation, variable
neighborhood descent, and selection. Its general scheme is depicted in Algorithm
1.

Algorithm 1 General scheme of MADEB

1: function MADEB(N, init)
2: Initialize N bit-strings {x1, . . . , xN} by means of the init procedure
3: while termination condition has not been satisfied do
4: for i = 1 to N do
5: yi ← AlgebraicDifferentialMutation(xi)
6: zi ← VariableNeighborhoodDescent(yi)
7: end for
8: for i = 1 to N do
9: xi ← Selection(xi, zi)

10: end for
11: if xbest has not been updated in the last 1 000 generations then
12: Reinitialize the bit-strings in {x1, . . . , xN} \ {xbest} by using init
13: end if
14: end while
15: return the best visited bit-string xbest

16: end function



Two population initialization procedures are considered. When init = R, the
bit-strings are randomly initialized as usual, i.e., every bit xi(j), with 1 ≤ i ≤ N
and 1 ≤ j ≤ n, is initialized to 0 or 1, with probability 0.5. When init = U , a
probability value pi ∈ [0, 1] is randomly generated for every individual xi, and
its bits xi(j) are independently set to 1 with probability pi, or 0 otherwise. In
this way, the expected number of 1-bits throughout the population individuals
is uniformly distributed. The rationale behind the init = U scheme is to allow a
more diverse population initialization.

For every population individual xi, AlgebraicDifferentialMutation generates
a mutant yi as follows:

yi ← xi ⊕ Fi � (xr1 	 xr2), (2)

where: Fi > 0 is the DE scale factor, r1, r2 ∈ [1, N ] are randomly generated
indexes different between them and with respect to i, and the ⊕,	,� are the
binary versions of our algebraic operators that are introduced and discussed in
Section 4. It is worthwhile to note that the scale factor is self-adapted during
the evolution by means of the the popular jDE scheme [22]. In particular: every
individual has its own Fi value; the differential mutation is computed using a
scale factor randomly generated in [0.1, 2] with probability 0.1, or Fi otherwise;
if the trial individual replaces xi during the selection, then Fi is updated with
the employed scale factor.

After the differential mutation, the mutant yi undergoes a local search phase.
The local search procedure VariableNeighborhoodDescent adopts two neighbor-
hood definitions and generates the trial individual zi in such a way that zi is a
local minimum of both neighborhoods. VariableNeighborhoodDescent is further
described in Section 5.

The Selection procedure replaces xi with zi if and only if f(zi) < f(xi), where
f is the fitness function defined in equation (1). Moreover, if the best population
individual xbest has not been updated during the last 1 000 generations, the
population, except xbest , is randomly reinitialized by means of the chosen init
procedure.

Summarizing, MADEB requires only two parameters to be set: the popula-
tion size N , and the initialization procedure init ∈ {R,U}.

4 Algebraic Differential Mutation for the Binary Space

The binary algebraic differential mutation is the main component of MADEB. In
the following, after briefly recalling the abstract algebraic framework (originally
introduced in [1, 12]), we introduce its implementation for the binary space.
This allows to present the binary algebraic differential mutation, that is further
analyzed in the last part of this section.

4.1 Abstract Algebraic Framework

A combinatorial search space is a set X of discrete solutions. X forms a group
if there exists a binary operation ? between the elements of X such that: ? is



associative, there exists a unique neutral element, and any x ∈ X has a unique
inverse x−1 ∈ X. The group is finitely generated if there exists a subset H ⊆ X
such that every x ∈ X can be decomposed as x = h1 ? h2 ? · · · ? hl, for some
h1, h2, . . . , hl ∈ H. H is the generating set of X and its elements are called
generators.

A search space representable by a finitely generated group (X, ?,H) can be
visualized by its Cayley graph C(X, ?,H), whose vertices are the solutions in X,
and there is an arc from x ∈ X to y ∈ X, labeled by h ∈ H, if and only if
x ? h = y.

Interestingly, the labels in a shortest path from x to y corresponds to the
sequence of generators in a minimal decomposition of x−1 ? y. We denote the
length of the minimal decomposition (or, equivalently, of the shortest path) by
|y−1 ? x|.

These aspects allow us to define the algebraic operators⊕,	,� that simulate,
in the Cayley graph (i.e., the combinatorial search space), the geometric behavior
of their numerical counterparts.

We define x ⊕ y := x ? y and y 	 x := x−1 ? y. The sum s = x ⊕ y can be
interpreted in the Cayley graph as starting from vertex x and moving (towards s)
by iteratively choosing the arcs corresponding to a minimal decomposition of y.
The difference d = y	x can be interpreted as the composition of the generators
in a shortest path going from x to y, thus d is a synthetic representation of this
path. As in the numerical case, x⊕ (y 	 x) = x ? (x−1 ? y) = y.

Moreover, given a scalar F ≥ 0, the multiplication F � x can be described
as follows. Let us interpret x as the representation of a shortest path between
two arbitrary vertices of the Cayley graph, then, when F ≤ 1 (or F > 1),
F � x represents, a truncation (or an extension) of the path represented by x.
Algebraically, this geometric interpretation can be encoded by requiring z =
F � x to satisfy these properties: (i) |z| = dF · |x|e, (ii) if F ≤ 1, the sequence
of generators in a minimal decomposition of z is a prefix of the sequence of
generators in a minimal decomposition of x, or (iii) vice versa, when F > 1.
Since, in general, minimal decompositions (thus shortest paths) are not unique,
there can be multiple z ∈ X satisfying these properties, therefore, we define
� as a stochastic operator that randomly returns an element with the given
properties.

Summarizing, the geometric interpretation of the algebraic differential muta-
tion of equation (2) is as follows. Let first compute the generators in a (shortest)
path from xr2 to xr1 ; truncate (or extend) the sequence of generators consider-
ing the scalar F ; start from the vertex xi and move, towards the result yi, by
following one by one the arcs labeled with the generators in the truncated (or
extended) sequence.

4.2 Binary Algebraic Differential Mutation

Bn is the set of all the bit-strings of length n and it forms an Abelian group
with respect to the bit-wise XOR operation Y. Indeed, Y is commutative and



associative, the zero bit-string 0 is the neutral element, and the inverse of each
x ∈ Bn is itself, i.e., x = x−1.

Given x ∈ Bn, we denote by x(i) the i–th bit of x, for 1 ≤ i ≤ n. We
recall that the Hamming weight |x| is the number of 1-bits of x. The Hamming
distance between two bit-strings x and y is the number of positions i such that
x(i) 6= y(i).

Moreover, Bn is a finitely generated group. Its generating set U is composed
by the n bit-strings with Hamming weight equal to 1, thus the generic generator
ui ∈ U , for 1 ≤ i ≤ n, is such that ui(i) = 1, while the rest of its bits are 0.

Therefore, any x ∈ Bn can be written as x = ui1 Y ui2 Y . . . Y uil , where
i1, i2, . . . , il are the indexes of the 1-bits of x. Clearly, l = |x|. The decomposition
is minimal and unique, up to reordering the indexes i1, i2, . . . , il. We exploit this
property and we represent the minimal decomposition of x ∈ Bn as the set
Ux = {ui ∈ U : x(i) = 1}. Note anyway that any ordering of the generators in
Ux is a sequence that fulfills the abstract framework definitions.

Importantly, note that, for each x ∈ Bn, the application of the generator ui
to x, i.e., x Y ui, corresponds to flipping the i–th bit of x.

As any other finitely generated group, (Bn,Y, U) has its associated Cayley
graph. Since Y is commutative and each bit-string is the inverse of itself, the Cay-
ley graph C(Bn,Y, U) reduces to an indirected labelled graph, which corresponds
to the hypercube with n vertices, where all the pairs of bit-strings, differing in
a single bit i, are connected by an edge labelled with ui.

Therefore, by following the abstract definitions given in Section 4.1, it is now
possible to concretely derive the operations ⊕,	,� for the binary space.

The addition ⊕ is defined as x ⊕ y := x Y y for x, y ∈ Bn. The subtraction
uses the property that x−1 = x for each x ∈ Bn, hence y	x := xY y. Note that,
in this particular group, ⊕ and 	 coincide.

Given F ≥ 0 and x ∈ Bn, the stochastic scalar multiplication F � x is
defined as randomly selecting a z ∈ Bn such that its decomposition Uz: (i) has
size k = dF · |x|e, and (ii) when F ≤ 1, Uz ⊆ Ux, while, (iii) if F > 1, Uz ⊇ Ux.
It is easy to see that any ordering of the generators in Uz satisfies the three
properties described in Section 4.1.

When F ≤ 1, z is computed by randomly selecting one of the
(|x|

k

)
subsets

of size k of Ux.

When F > 1, Uz is computed as Ux∪A, where A is randomly selected among
the

(
n−|x|
k−|x|

)
subsets of U \ Ux. This is equivalent to randomly flipping some of

the 0-bits of x.3

Since this is a concrete realization of the abstract framework of Section 4.1,
all the geometric considerations previously provided are valid also in this search
space. In particular, it is interesting to note that the elementary search moves
here considered are bit-flip moves, that is, the most common and natural moves
adopted in the binary search space.

3 For this reason, |F � x| cannot be larger than n, thus we truncate F to F
(x)
max = n

|x|

whenever F > F
(x)
max.



4.3 Search characteristics of the Binary Differential Mutation

Here we analyze the binary implementation of the algebraic differential mutation
provided in equation (2).

We start by describing the computation of the mutant yi ← xi⊕F�(xr1	xr2)
according to the definitions introduced in Section 4.2. Lets first compute the
bit-wise XOR between xr1 and xr2 . This corresponds to selecting the positions
where the bits of xr1 and xr2 differ. A subset (or a superset) of these positions is
computed by considering the scalar F . Finally, xi is moved, towards the result
yi, by flipping all the bits of xi at the positions previously computed.

As an illustrative example, let consider xi = (1010), xr1 = (1001), xr2 =
(1110), and F = 0.66. The difference between xr1 and xr2 is computed as d =
xr1 	 xr2 = xr1 Y xr2 = (0111). Its Hamming weight is |d| = 3, thus we have to
randomly select dF · |d|e = 2 1-bits from d. Let’s choose the last two 1-bits of d,
thus F � d = (0011). Finally, yi = xi ⊕ (F � d) = xi Y (F � d) = (1001).

It is interesting to note that, by denoting the Hamming distance with dH , we
have that dH(xi, yi) = F · dH(xr1 , xr2), i.e., the amount of perturbation applied
to xi is decided by the scale factor F and the two randomly selected population
individuals xr1 and xr2 . Moreover, even the positions where the bit-flips are
applied are computed by means of xr1 and xr2 . This behavior is quite analogous
to what happens when classical differential mutation is applied in the continuous
space [17].

However, the structural characteristics of the binary space can introduce
some issues in the search behavior of the binary differential mutation. Indeed,
binary⊕ and	 are actually the bit-wise XOR operator. Moreover, the bit-strings
xi, xr1 , xr2 , involved in the differential mutation formula, are three individuals
taken from the current MADEB population. This implies that, when the pop-
ulation reaches consensus on a bit (i.e., when all individuals have their i-th bit
set to the same value), it is impossible to flip that bit in the future generations
by only using the binary differential mutation with F ≤ 1. This is the reason of
why we use an interval with a right bound larger than 1 for the scale factor F ,
i.e., F ∈ [0.1, 2].

Furthermore, it is worthwhile to note that most of the binary crossovers in the
literature are somehow special cases of our binary differential mutation. Indeed,
a binary crossover between two generic x, y ∈ Bn usually computes an offspring
z ∈ Bn such that the bit value z(j) is equal to x(j) or y(j), for 1 ≤ j ≤ n.
Possible examples are the uniform crossover, the one-point crossover or the more
general k-points crossover [23]. It is easy to see that the computation of such an
offspring can be reproduced in the algebraic framework as z = x⊕ F � (y 	 x),
by using F ∈ [0, 1]. For instance, the uniform crossover which takes z(j) = x(j)
with probability 0.5, or z(j) = y(j) otherwise, for j = 1, . . . , n, is equivalent on
average to z = x⊕ 0.5� (y 	 x). Other crossover operators can be obtained by
simply considering different selection strategies (other than the random one) in
the � definition. Therefore, since a binary crossover is a special case of our binary
differential mutation, we have decided to not employ the crossover operator in
MADEB.



5 Variable Neighborhood Descent for MDTWNPP

In MADEB, every mutant y undergoes a local search procedure implemented as
a variable neighborhood descent scheme.

The VariableNeighborhoodDescent procedure uses two different neighborhoods
N1 and N2. N1(y) is the classical bit-flip neighborhood, while N2(y) is the 2-
change neighborhood that contains all the bit-strings which can be obtained
from y by flipping one 0-bit and one 1-bit.

The two neighborhoods are explored alternatively until no better solution is
found as depicted in Algorithm 2.

Algorithm 2 Pseudocode of VariableNeighborhoodDescent

1: function VariableNeighborhoodDescent(y)
2: imp1 ← true
3: while imp1 do
4: z ← y
5: /* Local Search in N1 */
6: imp2 ← true
7: while imp2 do
8: Randomly permute the solutions in N1(y)
9: y′ ← the first solution in N1(y) s.t. f(y′) < f(y), or nil if no improvement

10: if y′ is not nil then
11: y ← y′

12: else
13: imp2 ← false
14: end if
15: end while
16: /* Local Search in N2 */
17: imp2 ← true
18: while imp2 do
19: Randomly permute the solutions in N2(y)
20: y′ ← the first solution in N2(y) s.t. f(y′) < f(y), or nil if no improvement
21: if y′ is not nil then
22: y ← y′

23: else
24: imp2 ← false
25: end if
26: end while
27: /* Main loop operations */
28: if f(y) = f(z) then
29: imp1 ← false
30: end if
31: end while
32: return y
33: end function



A first-improvement style is used in every iteration of the neighborhood local
searches (lines 4–8 and 9–13 of the pseudocode), i.e., as soon as an improving
neighbor is found, it is returned. Moreover, the neighbors in N1 and N2 are
randomly scanned. Finally, it is important to note that the computation of a
neighbor solution is not made by scratch, but incrementally with respect to the
incumbent solution. Indeed, by keeping track of the two partition sums, it is
possible to compute the objective value of a neighbor in both N1 and N2 in
Θ(d) time.

It is easy to prove that the overall computational cost for each iteration of
the local search in N1 is Θ(n · d), while for N2 is Θ(n2 · d).

6 Experiments

The behavior of MADEB in the MDTWNP problem has been experimentally
analyzed by considering the benchmark set of 210 instances provided in [2],
where the author proposed 5 instances for each problem configuration n, d with
n ∈ {50, 100, 200, 300, 400, 500} and d ∈ {2, 3, 4, 5, 10, 15, 20}.

Following the methodology adopted in [5], we have divided the instances
in two sets: tuning and test instances. The tuning set consists of the first two
instances in every problem configuration n, d and it has been adopted in order to
select a good setting for MADEB. The rest of the instances have been devoted to
experimentally compare the tuned MADEB with the state-of-the-art algorithms
for MDTWNPP.

In order to make a fair comparison, as in [5], for each problem instance,
MADEB has been executed 10 times with a computational budget of 600 seconds
per execution. The experiments were carried out on a machine equipped with
an Intel Xeon X5650 processor clocking at 2.67 GHz, which has a very similar
computational power with respect to the machine adopted in [5].

In the following, we present the tuning of the MADEB setting and the ex-
perimental comparison with the state-of-the-art results for MDTWNPP.

6.1 Experimental Tuning of MADEB

MADEP has two parameters to be set: the population size N , and the ini-
tialization procedure init . Eight MADEB settings have been analyzed, with
N ∈ {50, 100, 150, 200} and init ∈ {R,U}, by performing a full factorial analysis
on 84 tuning instances.

The average objective values obtained by every MADEB setting, on its ex-
ecutions on every tuning instance, have been recorded. In Table 1, we provide
the ranks of the MADEB settings averaged over all the tuning instances.

The best setting is (N = 50, init = U), which reached the lowest average
rank of 4.04. Therefore, this is the setting used for the experimental comparison
discussed in Section 6.2.

Moreover, as recommended in [24], we have conducted a non-parametric
Friedman test in order to analyze the statistical differences among the settings.



Table 1: Average ranks of MADEB settings in the experimental tuning.
MADEB setting Avg Rank

N = 50, init = U 4.04
N = 50, init = R 4.27
N = 150, init = U 4.40
N = 100, init = U 4.43
N = 200, init = R 4.43
N = 100, init = R 4.45
N = 200, init = U 4.56
N = 150, init = R 4.95

Since the Friedman test shows that there is no significant difference among the
eight settings, MADEB can be considered a robust algorithm.

6.2 Comparison with state-of-the-art MDTWNPP algorithms

In this section we compare MADEB, using the setting (N = 50, init = U), with
the state-of-the-art MDTWNPP algorithms described in Section 2.

As in [5], MADEB has been executed 10 times on every one of the 126 test
instances. Its results have been compared with those obtained by GRASP+ePR
[5], VNS [7], and CPLEX [2]. The results for the competitor algorithms have
been directly obtained from the supplementary material of [5] available online
at https://sci2s.ugr.es/MDTWNP.

The performance of each algorithm A, on every instance i, is measured by
the commonly adopted average relative percentage deviation (ARPD) [25]:

ARPDA
i =

1

k

k∑
j=1

(Aj
i − Best i)

Best i
× 100, (3)

where Aj
i is the objective value obtained by the algorithm A in its j-th run on the

instance i, and Best i is the best objective value achieved among all executions
of all the algorithms on the problem instance i.

Moreover, in order to detect the statistical differences among the ARPD
results, as suggested in [24], the non-parametric Friedman test and the Finner
post-hoc procedure have been applied.

For each problem instance, the best objective value and the ARPDs of each
algorithm are provided in Table 2. The best ARPD on each instance is reported
in bold, while the best objective value is in bold when it has been reached by
(at least) an execution of MADEB. The table is divided in six groups accord-
ing to the different values of n. For any group of instances, the average rank
of every algorithm is provided together with a symbol indicating the result of
the statistical comparison with MADEB: “+” means that MADEB significantly
outperforms the competing algorithm. Moreover, the average ranks aggregated
for every value of n and d are shown, respectively, in Figures 1a and 1b.



Table 2: Experimental comparison of MADEB with state-of-the-art algorithms.
Problem Best

MADEB
GRASP

VNS CPLEX
Problem Best

MADEB
GRASP

VNS CPLEX
Instance Obj. Val. +ePR Instance Obj. Val. +ePR

50 2c 3.083 45.20 76.86 141.71 1784492.93 300 2c 0.759 198.30 339.24 657.69 1529412.52
50 2d 1.349 113.36 46.30 306.27 3115763.60 300 2d 0.433 272.93 892.89 1378.71 863410.39
50 2e 2.938 97.80 119.91 189.55 1135570.52 300 2e 0.917 33.82 244.25 928.60 588013.41
50 3c 142.935 1.07 2.78 2.78 232764.59 300 3c 214.729 4.69 15.82 16.79 109847.42
50 3d 96.410 5.07 8.55 4.13 358105.58 300 3d 91.207 26.42 34.62 51.23 269626.01
50 3e 211.797 1.59 1.59 2.45 325728.98 300 3e 167.205 10.95 41.30 22.88 229009.18
50 4c 452.007 0.88 0.81 1.42 398.81 300 4c 885.348 1.24 1.52 12.57 127.67
50 4d 1018.573 0.30 0.42 0.42 192.14 300 4d 765.805 30.47 41.12 27.66 126.28
50 4e 1202.624 0.30 0.43 0.51 438.27 300 4e 736.131 22.18 23.63 22.56 135125.25
50 5c 1398.771 0.39 32.16 6.84 334.37 300 5c 901.749 1.11 1.32 126.17 430.23
50 5d 2269.686 0.16 0.17 0.47 63.77 300 5d 2115.419 0.52 19.29 7.01 178.64
50 5e 4360.613 1.70 4.35 2.83 40.99 300 5e 1543.701 0.32 0.57 25.15 177.60
50 10c 14125.537 7.76 23.15 26.68 71.35 300 10c 15971.771 0.06 0.13 5.23 68.21
50 10d 14915.871 0.06 3.38 23.47 50.64 300 10d 15812.711 7.84 17.66 10.35 59.91
50 10e 15356.800 1.86 7.75 8.64 96.02 300 10e 15291.777 2.14 10.39 12.64 142.85
50 15c 29456.850 4.76 18.34 24.96 78.96 300 15c 22220.712 27.14 42.70 42.66 138.53
50 15d 21655.890 0.00 28.88 59.13 133.79 300 15d 28891.210 13.59 18.29 20.76 77.21
50 15e 31800.690 1.17 5.86 14.54 47.81 300 15e 28754.344 1.65 4.61 20.00 81.33
50 20c 50560.860 0.18 9.32 6.64 34.47 300 20c 34247.615 18.34 41.50 48.49 77.57
50 20d 53955.960 1.90 4.62 6.46 33.10 300 20d 42351.439 8.14 20.75 21.77 67.56
50 20e 48281.499 0.00 21.09 9.86 47.95 300 20e 37132.464 19.65 32.14 34.36 108.58

Average Rank 1.17 2.17 2.67 4.00 Average Rank 1.05 2.29 2.67 4.00
Stat. Comp. vs MADEB + + + Stat. Comp. vs MADEB + + +

100 2c 0.768 307.97 499.79 1129.65 2030759.38 400 2c 0.884 123.39 167.83 694.05 1419357.01
100 2d 0.001 61140.00 213560.00 643980.00 3833499900.00 400 2d 1.164 87.21 297.39 715.05 2524.57
100 2e 1.067 14.55 28.88 140.17 4919581.35 400 2e 0.406 340.64 636.31 1786.97 3609013.30
100 3c 231.512 7.45 15.14 7.58 330.18 400 3c 66.576 153.85 256.07 139.45 434203.65
100 3d 243.989 1.20 2.82 3.49 209597.57 400 3d 212.073 4.11 8.28 31.62 135968.24
100 3e 135.305 4.51 4.51 28.95 367653.59 400 3e 155.001 10.63 30.76 24.73 245907.45
100 4c 896.038 0.65 0.99 1.60 96.57 400 4c 807.262 10.43 11.19 25.30 218.84
100 4d 1090.117 0.67 0.59 1.57 44.96 400 4d 806.920 1.25 11.33 11.85 123275.06
100 4e 508.289 1.32 1.92 8.74 174.41 400 4e 725.451 23.47 28.36 26.62 116.37
100 5c 2769.736 1.93 2.21 1.04 63.89 400 5c 902.131 1.27 1.55 129.45 342.50
100 5d 2969.833 0.17 0.16 0.45 101.24 400 5d 1667.575 49.72 49.88 21.07 239.24
100 5e 2448.321 52.88 54.22 30.54 142.58 400 5e 1595.032 0.77 1.15 26.64 239.76
100 10c 11984.020 15.69 23.46 18.81 145.19 400 10c 14503.050 7.97 15.32 17.85 113.16
100 10d 14904.240 4.35 17.14 12.71 59.72 400 10d 13723.390 5.42 10.77 16.53 75.20
100 10e 12182.070 18.01 32.75 12.60 150.43 400 10e 11571.600 39.64 40.86 35.61 183.04
100 15c 31112.332 3.23 7.74 12.73 37.64 400 15c 26815.632 3.60 12.16 21.41 108.86
100 15d 30690.906 0.47 8.09 13.80 64.74 400 15d 26395.830 16.89 25.34 23.54 99.42
100 15e 30250.569 1.35 6.17 8.41 91.59 400 15e 30105.307 1.85 2.98 12.46 78.08
100 20c 46021.607 7.91 25.64 16.24 60.14 400 20c 45374.378 2.07 11.29 10.40 63.91
100 20d 43786.661 7.53 21.48 16.78 53.39 400 20d 41384.465 4.87 15.65 21.38 59.66
100 20e 43923.294 10.32 23.09 17.57 56.30 400 20e 39541.150 9.05 21.45 25.04 76.03

Average Rank 1.26 2.31 2.43 4.00 Average Rank 1.14 2.33 2.52 4.00
Stat. Comp. vs MADEB + + + Stat. Comp. vs MADEB + + +

200 2c 0.690 91.43 241.59 436.93 6394972.46 500 2c 0.578 64.71 372.73 728.53 2333117.99
200 2d 0.237 499.83 1353.50 1846.75 11773317.72 500 2d 0.202 603.86 941.58 3457.08 3.96
200 2e 0.451 138.14 371.84 829.18 6777948.78 500 2e 0.205 611.37 1070.78 1679.32 7324290.24
200 3c 1.526 159.95 209.89 12237.23 36695640.50 500 3c 96.343 39.49 95.09 55.76 391556.89
200 3d 77.565 46.30 52.20 50.38 774080.36 500 3d 1.522 330.93 421.16 4294.56 20003973.59
200 3e 105.284 55.99 91.57 54.65 199011.93 500 3e 3.056 84.79 144.71 3267.62 9173885.60
200 4c 3.047 65.25 50.26 22036.19 65850.77 500 4c 633.460 47.44 69.00 85.70 103.02
200 4d 770.115 30.52 38.66 28.90 255.22 500 4d 3.057 159.54 194.40 23031.45 72864.34
200 4e 508.023 73.13 142.78 43.84 313.03 500 4e 552.412 3.76 53.09 44.45 153.71
200 5c 3.052 79.97 114.95 21439.79 163770.90 500 5c 1891.494 23.11 51.26 43.38 168.56
200 5d 2130.675 11.31 20.91 14.09 160.83 500 5d 3.053 159.97 154.91 42282.41 999801.74
200 5e 1231.049 201.39 207.33 100.74 277.90 500 5e 2526.657 0.39 6.41 7.77 176.26
200 10c 12785.776 2.74 23.75 34.85 150.40 500 10c 14567.870 19.45 21.82 16.04 60.34
200 10d 17390.299 3.05 7.60 11.92 43.43 500 10d 12875.890 0.12 2.69 13.25 86.87
200 10e 17794.136 0.03 0.05 2.60 63.35 500 10e 15527.300 4.07 11.73 9.50 64.39
200 15c 30467.014 0.05 0.30 7.79 100.80 500 15c 27109.630 0.08 6.49 23.23 55.07
200 15d 22837.984 16.25 42.28 47.55 118.27 500 15d 29550.430 0.31 7.97 10.06 85.27
200 15e 28602.541 3.10 17.88 19.96 100.96 500 15e 25010.130 20.61 25.06 30.11 106.69
200 20c 41990.638 9.37 19.81 25.52 83.76 500 20c 37587.384 10.89 25.91 32.81 87.31
200 20d 41177.738 4.52 20.56 26.18 83.11 500 20d 43249.879 5.36 10.22 15.77 49.51
200 20e 39411.579 11.22 21.00 34.81 84.52 500 20e 39011.410 11.10 21.95 22.43 96.33

Average Rank 1.24 2.24 2.52 4.00 Average Rank 1.14 2.24 2.76 3.86
Stat. Comp. vs MADEB + + + Stat. Comp. vs MADEB + + +
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Fig. 1: Average ranks aggregated by the values of (a) n and (b) d

The results provided in Table 2 clearly show that MADEB outperforms all
the other algorithms. In particular, our algorithm reached the best objective
value in 76 instances over 126. Moreover, MADEB obtained the best ARDP
value on 106 instances, i.e., about the 84% of the benchmark suite. Importantly,
the statistical test has detected noticeable differences between our algorithm
and the competitors: in every group of instances, MADEB is significantly better
than all the other algorithms. Indeed, the worst Finner p-value (obtained in
the comparison with GRASP+ePR on the group of instance n = 200) is about
2 ·10−6, which is well below the commonly considered critical threshold 0.05 [24].

Finally, the better performances of MADEP with respect to its competitors
are apparent also from the data provided in the two graphs of Figures 1a and
1b. Clearly, MADEB always obtained the best average rank, both when the
instances are grouped by the values of n or the values of d.

7 Conclusions and Future Work

In this paper we have described a Memetic Algebraic Differential Evolution algo-
rithm for solving Binary combinatorial optimization problems (MADEB). The
main components of MADEB are: a binary algebraic differential mutation, and
a variable neighborhood descent procedure. In particular, the binary differen-
tial mutation has been introduced as an instantiation of the abstract algebraic
framework [1, 26–28].

MADEB has been applied to the MDTWNP problem. Experiments have
been held on widely adopted benchmark instances, and the experimental results
show that our approach has outperformed the state-of-the-art MDTWNPP al-
gorithms.

As a future lines of research we are considering to apply MADEB to other
binary optimization problems, like the knapsack problem and its variations, and
to develop an algebraic particle swarm scheme [29] for the binary space.



Another possible future work is to extend MADEB for solving the multi-way
generalization of MDTWNPP, as defined in [6], which would however require a
major change to MADEB, because the solutions are no more binary strings.
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