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Abstract. The more practical and interesting versions of the permutation flowshop scheduling problem (PFSP) have a variety
of objective criteria to be optimized simultaneously. Multi-objective PFSP is also a relevant combinatorial multi-objective opti-
mization problem. In this paper we propose a multi-objective evolutionary algorithm for PFSP by extending the previously pro-
posed discrete differential evolution (DE) scheme for single-objective PFSP. This is the first application of the algebraic-based
discrete DE to multi-objective problems. The algorithm is extended by adopting a variety of crossover and multi-objective selec-
tion operators. Among these, the multi-objective α-selection is a novelty of this work and can be decoupled from DE and used
also in other evolutionary algorithms. The other crossover and selection operators have been taken from the existing literature
and, where required, have been adapted to the problem at hand. An experimental evaluation has been conducted on all the three
bi-objective PFSPs among the makespan, total flowtime and total tardiness criteria. The results show that the proposed approach
is competitive with respect to the state-of-the-art algorithms.
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1. Introduction

The Permutation Flowshop Scheduling Problem
(PFSP) is an important type of scheduling prob-
lem which has many applications in manufacturing
and large scale product fabrication. In this prob-
lem there are n jobs J1, . . . , Jn and m machines
M1, . . . ,Mm. Each job Ji is composed by m opera-
tions Oi1, . . . , Oim. The generic operation Oij can be
executed only by the machine Mj and its given pro-
cessing time is pij . Moreover, the execution of any
operation cannot be interrupted (no pre-emption) and
job passing is not allowed, i.e., the jobs must be ex-
ecuted using the same order in every machine. The
goal of PFSP is to find the optimal job permutation
π = 〈π(1), . . . , π(n)〉with respect to a given objective
function. Three important criteria are to minimize the
total flowtime (TFT), the makespan (MS) and the total
tardiness (TT), respectively defined by:

TFT (π) =

n∑
i=1

C(π(i),m) (1)

MS(π) = max
i=1,...,n

C(π(i),m) = C(π(n),m) (2)

TT (π) =

n∑
i=1

max{C(π(i),m)− dπ(i), 0} (3)

where C(h, j) is the completion time of the operation
Ohj and is computed by the following recursive equa-
tion

C(π(i), j) = pπ(i),j+max{C(π(i−1), j), C(π(i), j−1)}

for i, j ≥ 1, while the terminal cases are C(π(0), j) =
C(i, 0) = 0. In Equation (3), for each job h, also a
given delivery date dh is considered. Other criteria, not
considered in this article, include: earliness, number
of tardy jobs, idle time and completion time variance
[46].

The minimization of each one of these criteria is
computationally hard. Indeed, both the TFT and TT
problems are NP-hard for m ≥ 2, while the MS mini-
mization becomes NP-hard when m > 2 [18].

Many PFSP single-optimization algorithms exist,
either exact or approximate, for instance: heuristic
techniques, local searches or evolutionary algorithms
[17]. Anyway, in this paper we investigate the PFSP

problem as a multi-objective optimization problem, in
which the goal is to find a set of job permutations
which are good enough with respect to two or more
contrasting criteria, i.e., a set of Pareto optimal solu-
tions.

Given k objective functions f1, . . . , fk, a solution x
dominates a solution x′ (denoted by x ≺ x′) if fi(x) ≤
fi(x

′) for i = 1, . . . , k, and there exists at least one in-
dex j ∈ {1, . . . , k} such that fj(x) < fj(x

′). A solu-
tion x is Pareto optimal if there exists no other solution
x′ such that x′ ≺ x. The Pareto set is the set of all the
Pareto optimal solutions. If two solutions x and x′ are
such that neither x ≺ x′ nor x′ ≺ x, then x and x′ are
incomparable.

Since the Pareto set is in general very large, the goal
is to find an approximation of this set, i.e., a set com-
posed by incomparable solutions which is as close as
possible to the Pareto set. One of the most promising
approaches to solve multi-objective optimization prob-
lems is to use evolutionary algorithms [8]. Indeed, evo-
lutionary algorithms evolve a population of elements
and among them find the Pareto optimal solutions.

In the context of multi-objective PFSP, many ap-
proaches have been proposed. The surveys [26,46]
describe and compare a large number of algorithms
for PFSP with all the three possible combinations
of two objectives among TFT, MS and TT. The ap-
proaches mostly used are based on some metaheuris-
tics, like Genetic Algorithms, Simulated Annealing,
Tabu Search, Iterated Local Search, and Evolutionary
Strategy.

In this paper we describe an algorithm for multi-
objective optimization which is based on Differen-
tial Evolution for Permutation (DEP) [33]. DEP is
a discrete differential evolution algorithm which di-
rectly operates on the permutations space and hence
is well suited for permutation optimization problems
like PFSP. Indeed, in [6,33,34,35], it was shown that
DEP reaches state-of-the-art results with respect to to-
tal flowtime and makespan single objective optimiza-
tion. Here, DEP has been extended in order to han-
dle multi-objective problems. This paper extend the
preliminary work presented in [37] by proposing the
adoption of a variety of crossover and selection oper-
ators. Therefore, a deeper experimental investigation,
with respect to [37], is provided. The experimental re-
sults show that the performance obtained are compara-
ble with the state-of-the-art algorithms.

The rest of the paper is organized as follows. The
second section is devoted to describe the related work.
The third section describes the classical Differential
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Evolution algorithm. Its extension to the permutations
space and multi-objective PFSP is introduced in the
fourth and fifth sections. An experimental investiga-
tion of the proposed approach is provided in the sixth
section, while conclusions are drawn at the end of the
paper.

2. Related work

There exist many approaches to solve the permuta-
tion flowshop scheduling problem in a multiobjective
setting.

Here we describe some of the most performing al-
gorithms according to [26], used also in our compari-
son. We use the same names for each algorithm as in
[26].

The most effective algorithm is MOSA, a simu-
lated annealing method for multiobjective problem de-
scribed by Varadharajan and Rajendran in [44]. In this
algorithm, the initial population is composed with two
solutions generated by means of a heuristic function.
These sequences are evolved by three improvement
schemes and are later used, alternatively, as the solu-
tion of the simulated annealing method. MOSA tries
to obtain nondominated solutions through the imple-
mentation of a simple probability function that tries
to generate solutions on the Pareto optimal front. The
probability function is varied in such a way that the
entire objective space is covered uniformly obtaining
as many nondominated and well-dispersed solutions as
possible.

Arroyo and Armentano proposed in [3] a genetic
local search algorithm, called MOGALS_arroyo, with
some particular features. A method to preserve the
population diversity is used. Moreover, the selection is
elitist (a subset of the current Pareto front is directly
copied to the next generation), the solutions are en-
hanced by a multiobjective local search. The concept
of Pareto dominance is used to assign fitness (using
the nondominated sorting procedure and the crowding
measure both proposed for the NSGAII [12]) to the so-
lutions and in the local search procedure.

A Genetic Algorithm, called PESA, was proposed
by Corne et al. in [10]. PESA uses an external popula-
tion (EP) and an internal population (IP) to find a well-
spread Pareto front. A selection and replacement pro-
cedure are based on the degree of crowding. A simple
genetic scheme is used for the evolution of IP, while EP
contains the nondominated solutions found. The size
of the EP is upper bounded and a hypergrid-based op-

erator eliminates the individuals in the more crowded
zones.

PESAII, described in [9], is an enhancement of
PESA, obtained by adopting a different selection
method. In this algorithm, instead of assigning a selec-
tive fitness to an individual, it is assigned to the hyper-
boxes in the objective space which are occupied by at
least one element. During the selection process, the hy-
perbox with the best fitness is selected, and an individ-
ual is chosen at random among all inside the selected
hyperbox.

Another genetic algorithm, called PGA_ALS, was
proposed by Pasupathy et al [30]. This algorithm ini-
tially generates four good solutions that are introduced
in a random population. PGA_ALS evolves the inter-
nal population using a Pareto ranking-based procedure
similar to that used in NSGAII. A crowding procedure
is also proposed and used as a secondary selection cri-
terion. The nondominated solutions are kept in an ex-
ternal archive, and two different local searches are then
applied to half of the stored solutions for improving
the quality of the returned Pareto front.

In [2] a multiobjective tabu search method called
MOTS is described. Several paths of solutions in par-
allel are explored, and each path has its own tabu list.
The initial solutions is generated using a heuristic. A
local search method is applied to the set of current so-
lutions to generate several new solutions. A clustering
procedure ensures that the size of the current solution
set remains constant. An external archive is used to
memorize all the nondominated solutions found during
the execution.

For the description of the other algorithms see the
survey [26]. Many of them are Genetic Algorithm
enhanced by some particular features such as multi-
objective selection operators. Other approaches can be
also found in [46].

3. The Differential Evolution algorithm

In this section we provide a short introduction to
Differential Evolution (DE) algorithm. For more de-
tails see [31]. Differential Evolution (DE) is a pow-
erful population-based evolutionary algorithm [25,38]
for optimizing non-linear and even non-differentiable
real functions in Rn. The main peculiarity of DE is to
exploit the distribution of the differences between so-
lutions in order to probe the search space.

DE initially generates a random population of NP
candidate solutions x1, . . . , xNP uniformly distributed



4 M. Baioletti et al. / MODEP

in the solutions space. At each generation, DE per-
forms a mutation and a crossover operation in order
to produce, for each target individual xi in the current
population, a trial vector ui. Each target vector is then
replaced in the next generation by the associated trial
vector if and only if the trial is better than the target.
This process is iteratively repeated until a stop crite-
rion is met, for instance a given amount of fitness eval-
uations has been performed, or after a certain amount
of time.

The differential mutation is the core operator of DE
and generates a mutant vector vi for each target indi-
vidual xi. The most used mutation scheme is “rand/1”
and it is defined as

vi = xr0 + F · (xr1 − xr2) (4)

where r0, r1, r2 are three random integers in [1, NP ]
mutually different among them and with respect to i.
xr0 is called base vector, xr1 − xr2 is the difference
vector, and F ∈ [0, 1] is the scale factor parameter,
while +, − and · are the usual vectorial operations in
Rn. In [31] it is argued that the differential mutation
confers to DE the ability to automatically adapt the
mutation step size and orientation to the fitness land-
scape at hand.

After the mutation, a crossover operator generates a
population ofNP trial vectors ui by recombining each
mutant vi and its corresponding target xi. The most
used crossover operator is the binomial one that builds
the trial vector ui taking some components from xi and
some components from vi according to the crossover
probability CR ∈ [0, 1].

Finally, in the selection phase, the next generation
population is usually selected by a one-to-one tourna-
ment among xi and ui, for 1 ≤ i ≤ NP . The fittest
enters the population for the next generation.

Many variants for mutation, crossover and selection
have been proposed, see for instance [31].

Even if the mutation is designed for numerical vec-
tors, DE can be also applied to combinatorial optimiza-
tion problems by means of particular techniques.

One of the most used approach is to encode ele-
ments of the discrete search space S as numerical vec-
tors. These vectors are evolved by the usual mutation
and crossover operators. In the selection phase, when
the elements have to be evaluated, the vectors are de-
coded back to elements of S, since the function f
to be optimized is defined on S. The main problem
of this approach is that in many combinatorial opti-
mization problems, any reasonable decoding function

d : Rn → S is highly non-injective, due to the dif-
ferent cardinalities of the domain and the range of the
function d. In this way, many different vectors cor-
respond to the same element x ∈ S, and then large
plateaus are likely to be present in the search space.
This is notoriously known to degrade the performance
of a search algorithm (see for instance [19]).

4. The Algebraic Evolution algorithm

In a series of papers [5,6,33,34,35,36] we have de-
fined a discrete differential evolution algorithm which
works directly on a discrete search space represented
as a finitely generated group.

A group G is a set endowed with an internal binary
operation ◦ which is associative, there exists a neutral
element e ∈ G such that x ◦ e = e ◦ x = x for all
x ∈ G, and each x ∈ G has a corresponding inverse
element x−1 such that x◦x−1 = x−1◦x = e. A group
G is finitely generated if there exists a subset H ⊆
G, whose elements are called generators, such that for
each x ∈ G there exists a finite sequence h1, . . . , hk of
elements ofH with the property that h1 ◦ · · · ◦hk = x.
The sequence h1, . . . , hk is called a decomposition of
x and it is not generally unique. Anyway, let |x| denote
the length of a minimal decomposition.

The differential mutation operator (4) can be defined
in a finitely generated group G by interpreting the vec-
tor operations +, − and · as operations inside G. In
particular the addition x+ y can be replaced by x ◦ y,
while the subtraction x−y can be replaced by y−1 ◦x.
In this way, addition and subtraction are related with
the same property as in Rn, indeed, y+ (x− y) corre-
sponds to y ◦ (y−1 ◦ x) and both are equals to x.

The multiplication of x by a coefficient F ∈ [0, 1]
can be interpreted in the following way: take a minimal
decomposition h1, . . . , hk of x (hence k = |x|) and
compute h1 ◦ · · · ◦ hl, where l = dF · ke.

Since a minimal decomposition of x may not be
unique, the latter operation is not uniquely defined.
Anyway, since its use is limited to Differential Evolu-
tion, which is a stochastic algorithm, our proposal is
to generate a random minimal decomposition of x. In
order to avoid biases in the search process, it is strictly
required to use a fair generator of random decomposi-
tion, which can sample a decomposition of x as uni-
formly as possible.

It is worth to notice that, using this interpretation,
each x ∈ G can be seen either as an element of the
search space, or as the difference between two ele-
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ments of the search space, similarly to what happens
for vectors in Rn.

A particular group which has been studied in our
previous work is S(n), i.e., the group of the permuta-
tions of the set {1, . . . , n}, where ◦ is the usual permu-
tations composition operator. The resulting differential
evolution algorithm, called Differential Evolution for
Permutation (DEP), has been tested on some combi-
natorial optimization problems based on permutations.
Notably, DEP have obtained state-of-the-art results in
permutation flowshop scheduling problems [33,34,35]
and very good performance in other problems [5,6].

The group S(n) has several generating sets. In our
works we have focused the attention on the set of ad-
jacent swaps, i.e. the permutations which swaps two
consecutive positions i and i+ 1, for 1 ≤ i < n.

In [33,35] we have described an algorithm which
finds a random minimal decomposition of a permuta-
tion in terms of adjacent swaps. Since this algorithm is
a generalization of the Bubble-Sort, it has been called
RandBS (Randomized Bubble-Sort).

Hence, the key component of the algorithm DEP,
i.e., the differential mutation, produces a mutant νi for
each population individual πi in the following way

1. Find r0, r1, r2 different to i and to each other
2. δ ← π−1r2 ◦ πr1
3. S ← RandBS(δ)
4. k ← len(S)
5. l← dF · ke
6. νi ← πr0
7. for j = 1, . . . , l apply Sj to νi

For the sake of completeness, all the previous pro-
posals of DEP apply a purposely defined selection
scheme and a permutation-based crossover.

5. Discrete Differential Evolution for
Multi-Objective Optimization

In this section we describe the algorithm Multi-
Objective Differential Evolution for Permutations (MODEP)
which directly evolves a population of NP permuta-
tions {π1, . . . , πNP }. With respect to the classical DE,
important variations have been made to the mutation,
crossover and selection operators. Moreover, an addi-
tional archive of non-dominated solutions, i.e., ND, is
introduced to maintain the evolved Pareto front.

To simplify our description, let us restrict to the case
of two objective functions f1 and f2. A population of
NP permutations {π1, . . . , πNP } is randomly gener-

ated at the beginning. At each iteration, a secondary
population of trial elements {υ1, . . . , υNP } is gener-
ated by means of the mutation and crossover opera-
tors. Then, a selection operator selects the next pop-
ulation from the two populations {π1, . . . , πNP } and
{υ1, . . . , υNP }.

The pseudo-code of MODEP is depicted in Alg. 1.

Algorithm 1 MODEP

1: Initialize Population
2: Update ND
3: while num_fit_eval ≤ max_fit_eval do
4: for i← 1 to NP do
5: νi ← DifferentialMutation(i)

6: υ
(1)
i , υ

(2)
i ← Crossover(πi, νi)

7: Update ND
8: υi ← SelectChild(υ

(1)
i , υ

(2)
i )

9: end for
10: π ← Selection (π, υ)
11: end while

The differential mutation has been already described
in Section 4, in the rest of this section we will describe
the other algorithmical components.

5.1. Crossover

In the Algebraic Differential Evolution, also the
crossover operator has to be changed according to the
discrete search space. Indeed, the crossover operators
used in the classical Differential Evolution are de-
signed for vectors (or strings) and cannot be used for
other combinatorial objects like the permutations.

In particular, permutations can be seen as special
strings with an “all different” constraint, and there
exist many crossover operators designed for them.
Among these operators, we have selected:

– edge recombination (ER) [45] which builds a trial
whose pairs of adjacent items are inherited and
assorted as much as possible from the parent so-
lutions;

– partially_matched (PM) [16] where two random
cut-points are selected, the middle region in the
first parent is copied to the trial, the items in the
middle region of the second parent are placed in
the trial by mapping them through the first parent,
and the remaining items are filled as in the second
parent;
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– uniform_like (UL) [43] that scans the items from
left to right and, for each position, randomly
chooses one of the parents’ items, but, if the item
has been already used before, the entry is left
empty and randomly filled later;

– position_based (PB) [42] which builds a trial by
copying a randomly selected subset of items from
one parent and by inserting the remaining items
using the order of their appearance in the other
parent;

– order_based (OB) [42] that is a slight variation of
PB where the order of items in the position se-
lected in one parent is imposed on the correspond-
ing position in the other parent;

– order (O) [14] which is similar to PB except that
the randomly selected items belong to an interval
of positions;

– order2 (O2) [1] that is like O with the variation
that the items of the second parent are circularly
inserted into the offspring starting from the posi-
tion immediately after the chosen interval;

– maximal_preservative (MP) [27] which, similarly
to ER, tries to preserve as much as possible the
pairs of adjacent items in both parents;

– cyclic (CY) [14] that identifies a number of so-
called cycles between the two parents, then, the
trial is filled by alternating the cycles from the two
parents;

– cyclic2 (CY2) [1] which works as CY, but starting
from a randomly selected position.

All of these operators can be applied in two ways:
υ
(1)
i ← CROSS(πi, νi) and υ(2)i ← CROSS(νi, πi).
Both children are generated and evaluated, also to

update the ND set. Then, only one trial is kept for the
selection phase. Indeed, υ(1)i and υ

(2)
i are compared

with respect to both f1 and f2. If υ(1)i ≺ υ(2)i , then the
trial υi is υ(1)i . Analogously, if υ(2)i ≺ υ

(1)
i , then the

trial υi is υ(2)i . When υ(1)i and υ(2)i are incomparable,
then one of them is randomly selected.

5.2. Selection

In the classical Differential Evolution with a sin-
gle objective, the selection phase is simple because
there are no cases of incomparability between the
trial and the target vectors. Having many objective
functions, this situation has to handled. Therefore, we
have implemented 5 selection operators: α-selection,
DEMO-selection, GDE2-selection, NDSA-selection

and Crowding-selection. In particular, α-selection is
a novelty of this work and it extends to the multi-
objective case the selection scheme previously pre-
sented in [33].

5.2.1. α-selection
The new multi-objectiveα-selection operator chooses

the new population element π′i between the old ele-
ment πi and the trial νi by using ≺ as comparison.

If πi ≺ νi, then π′i becomes πi, i.e., πi remains in
the population. Otherwise, if νi ≺ πi or it is equal to
πi, then νi replaces πi in the next generation popula-
tion. However, if πi and νi are incomparable, then we
use a probabilistic method somehow similar to the α-
selection described in [33,35].

Suppose first that f1(νi) < f1(πi) but f2(νi) ≥
f2(πi). Then, π′i becomes νi with probability max{0, α2−
∆

(2)
i }, otherwise it retains the old element πi, where

∆
(2)
i =

f2(νi)− f2(πi)

f2(πi)

is the relative worsening of νi with respect to πi ac-
cording to f2.

Analogously, if f1(νi) ≥ f1(πi) and f2(νi) <
f2(πi). Then, π′i becomes νi with probability max(0, α1−
∆

(1)
i ), where

∆
(1)
i =

f1(νi)− f1(πi)

f1(πi)
.

The rationale behind this selection operator is that νi
enters the population if it dominates or is equal to πi or,
with a small probability, if it is not too worse than πi in
one of the objective functions, while it is better than πi
in the other objective function. Moreover, note that the
probability of accepting a slightly worsening popula-
tion element linearly shades from αh, when ∆

(h)
i = 0,

to 0, when ∆
(h)
i = αh, for h = 1, 2.

Therefore, the parameters αh regulates how worse
νi can be in order to be accepted in the new popula-
tion: if α1 = α2 = 0 only better elements (in the
Pareto sense) can replace old elements in the popula-
tion. Hence, α-selection generalizes the classic one-
to-one Pareto selection by providing a parametrized
mechanism to break ties.

5.2.2. NDSA-selection
The NDSA-selection operates on the overall pop-

ulation {πi}NPi=1 ∪ {νi}NPi=1 by the well known Non
Dominated Sorting Algorithm [13], which computes
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the dominance depth for each element and a crowd-
ing distance for all the elements at the same domi-
nance depth. Elements are compared with respect the
dominance depth, and ties are broken considering the
crowding distance. This order relation is denoted by
≺NDSA and it is used to sort the overall population.
The best NP elements are selected for the next gener-
ation.

5.2.3. GDE2-selection
The GDE2-selection is based on the selection opera-

tor used in General Differential Evolution 2 algorithm
[23]. After having computed, as in the previously de-
scribed operator, the Pareto level and the crowding dis-
tance for all the element of the overall population, each
trial νi is compared with the corresponding target πi
with respect to ≺NDSA relation and the better of them
is kept in the next population.

5.2.4. DEMO-selection
The DEMO-selection is taken from Differential

Evolution for Multi-Objective Optimization algorithm
[32]. Again, the dominance depth and the crowding
distance are computed for all the elements of the over-
all population. But conversely from GDE2-selection,
each trial νi is compared, using the ≺NDSA relation,
with πj(i), which is the element in the previous popu-
lation closest to νi. The distance we have used is the
well known footrule-distance between permutations,
also called position-based distance in [39]. This choice
of the distance measure is motivated by its low com-
putational complexity of Θ(n) [39].

5.2.5. Crowding-selection
A simple variation of DEMO-selection is that, in-

stead of using ≺NDSA, it is possible to compare el-
ements with respect to ≺. Therefore, in this operator
only when νi ≺ πj(i), the trial enters in the new popu-
lation instead of the corresponding target. Note that in
case of incomparability, the target remains in the pop-
ulation.

5.3. Pareto Front

The algorithm keeps updated the approximated
Pareto frontND, which contains all the non-dominated
elements ever generated. Initially ND contains all the
non-dominated population elements created during the
random initialization. Then, at each generation, all the
couples of children υ(1)i and υ(2)i are used to update
ND. A new element υ enters ND if it is not domi-
nated by any element of ND. Moreover, all the ele-
ments of ND which are dominated by υ are removed.

6. Experimental Results

MODEP has been implemented in C++ and tested
over the commonly adopted benchmark suite com-
posed by the Taillard’s instances for the flowshop-
scheduling problem and the additional due times given
in [26]. These instances are divided in 11 groups
of 10 instances basing on the numbers of jobs n
and machines m. The values of n are in the set
{20, 50, 100, 200}, while m lies in {5, 10, 20}. The
combination (n = 200,m = 5) is not present, while,
as done in [26], also the combination (n = 500,m =
20) has been removed from the original Taillard set.
The processing times pij of each instance have been
randomly generated in {1, . . . , 99}, while the due date
of each job Ji is generated by multiplying the value∑m
j=1 pij by a random factor in [1, 4]. Three combina-

tions of objectives have been considered: (MS,TFT ),
(MS,TT ), and (TFT, TT ).

Every algorithm execution has been performed us-
ing 2000 ·n ·m fitness evaluations. For each execution,
the obtained Pareto front (corresponding to ND) has
been analyzed by computing two performance indices:
the hypervolume IH and the unary multiplicative ep-
silon I1ε . These indices are the ones suggested in [26],
IH is computed as the area delimited by the solu-

tions of ND, after each coordinate has been normal-
ized in [0, 1], and the reference point (1.2, 1.2). The
normalization process is the same adopted in [26].
I1ε compares the obtained ND with the best known

Pareto front B and is computed as

I1ε = max
x∈B

min
y∈ND

max
j=1,2

fj(y)

fj(x)
.

The best known Pareto front for each instance are ob-
tained from [26]. Moreover, it worths to note that every
single Pareto front has not necessarily been obtained
from a single algorithm, indeed, in [26] the authors
have merged the results of 23 different algorithms.

The values for indices IH and I1ε reported in the
following have been computed by averaging over the
multiple executions.

The rest of the section is organized as follows. In
Section 6.1 a calibration of the DEP components and
parameters is performed. The calibrated DEP configu-
rations are tested in Section 6.2 by performing an ex-
perimental analysis and comparing them with the best
known Pareto fronts of every problem instance consid-
ered. Finally, in Section 6.3, the experimental results
are aggregated and compared with those of the state-
of-the-art algorithms for multi-objective PFSPs.
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Table 1
Calibration Results produced by irace

(MS,TT ) (TFT,TT ) (MS,TFT )

(DEMO,OB, 100) (CROWD,O2, 100) (GDE2, CY 2, 100)

(DEMO,O2, 50) (DEMO,O2, 50) (CROWD,O2, 100)

(DEMO,OB, 50) (CROWD,OB, 50) (GDE2, O2, 50)

(DEMO,O2, 100) (CROWD,O2, 50) (DEMO,CY, 100)

6.1. Calibration of MODEP

Since we have implemented 5 different selection op-
erators (α-selection has also two parameters α1 and
α2), 10 crossover operators and the algorithm has also
the population size parameter NP , we have decided
to tune MODEP by using the irace software package
[24].

Indeed, irace (Iterated Race for Automatic Algo-
rithm Configuration) is able to automatically select the
best configurations of a parametric algorithm by com-
paring the performance of all the variants on a set of
given instances. irace implements the iterated racing
procedure and adopt statistical tests to iteratively dis-
card algorithm configurations. It is implemented as an
R package and produces in output the list of the four
best configurations. A budget of 2000 executions, each
one of 2000 · n · m fitness evaluations, has been set
for the irace calibration. All the other irace parameters
have been set to their default values.

In order to avoid the “overtuning” issue, we have
decide to randomly generate new calibration instances
different from the testing instances. Therefore, 8 new
instances have been randomly generated using the
same method adopted for the Taillard’s instances. The
instance sizes considered are: (n = 20,m = 10),
(n = 20,m = 20), (n = 50,m = 10), (n = 50,m =
20), (n = 100,m = 10), (n = 100,m = 20),
(n = 200,m = 10) and (n = 200,m = 20).

The set of values for the population size NP has
been discretized to {50, 100, 150}, while all the pro-
posed crossover and selection operators have been
considered. irace has been separately run on the three
objective combinations (MS,TT ), (TFT, TT ), and
(MS,TFT ) by comparing the configuration results
with respect to the hypervolume measure IH .

Table 1 provides, for each objectives combina-
tion, the best four MODEP configurations produced
by the irace calibration. The dashed lines indicate
where there are significant differences (in the statisti-
cal sense) among the configurations.

All the significantly best configurations in every ob-
jective combinations have been selected for the testing
phase. Both for the (MS,TT ) and (TFT, TT ) cases,

Table 2
MODEP (DEMO,OB,100) results for (MS, TT ) objectives

n m IH I1
ε

20 5 1.415 1.012
20 10 1.411 1.015
20 20 1.388 1.021

50 5 1.380 1.042
50 10 1.371 1.055
50 20 1.349 1.074

100 5 1.357 1.067
100 10 1.351 1.076
100 20 1.326 1.094

200 10 1.284 1.083
200 20 1.263 1.095

there is a single MODEP configuration that signifi-
cantly outperforms the others, respectively (DEMO,OB, 100)
and (CROWD,O2, 100). Instead, in the (MS,TFT )
case, irace has not been able to provide a sharp sugges-
tion between the first two configurations two configu-
rations (GDE2, CY 2, 100) and (CROWD,O2, 100),
so both have been selected for the testing phase.

Note that all the four selected configurations are
somehow different regarding the selection and crossover
operators, but all of them adopt the same population
size NP = 100. This fact is not surprising because
the three optimization problems, although sharing the
same data, could have different fitness landscapes and
each of them would need an ad-hoc configuration.
Nevertheless, it is interesting the indication about the
population size. Finally, the 12 best configurations re-
ported in Table 1 consider 3 selection operators and
4 crossover operators, thus ruling out the remaining 2
selection and 6 crossover schemes.

6.2. Experimental Test of MODEP

MODEP has been run 10 times for each instance and
the adopted stopping criterion is the maximum num-
ber of evaluations, which has been set to 2000 · n ·m
using, for each combination of objectives, the con-
figuration(s) selected by irace and described in Sec-
tion 6.1. The performance measures employed are the
aforementioned hypervolume IH and the unary multi-
plicative epsilon I1ε . All the results have been aggre-
gated for instance size n,m and the average measures
are provided in Tables 2, 3, 4, and 5, respectively for
the objectives combinations: (MS,TT ), (TFT, TT ),
(MS,TFT ) with the first MODEP configuration, and
(MS,TFT ) with the second MODEP configuration.
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Table 3
MODEP (CROWD,O2,100) results for (TFT, TT ) objectives

n m IH I1
ε

20 5 1.417 1.003
20 10 1.421 1.009
20 20 1.401 1.011

50 5 1.391 1.051
50 10 1.368 1.053
50 20 1.365 1.068

100 5 1.370 1.061
100 10 1.351 1.072
100 20 1.346 1.093

200 10 1.338 1.087
200 20 1.298 1.105

Table 4
MODEP (GDE2,CY2,100) results for (MS, TFT ) objectives

n m IH I1
ε

20 5 1.411 1.007
20 10 1.402 1.011
20 20 1.370 1.012

50 5 1.388 1.047
50 10 1.370 1.047
50 20 1.355 1.074

100 5 1.369 1.065
100 10 1.350 1.093
100 20 1.282 1.116

200 10 1.268 1.098
200 20 1.252 1.116

Regarding (MS,TT ), as shown by Table 2, MODEP
works well on this problem and the values of the sec-
ond index I1ε (whose optimal value is 1) are quite good,
also the values for IH (whose optimal value is 1.44)
are good compared to those reported in [26]. It is worth
to notice that IH and I1ε get worse results as n in-
creases and, fixing n, as m increases.

The results of the optimization of (TFT, TT )
are shown in Table 3 and are similar to those for
(MS,TFT ). Again the decreasing behaviour of IH
and I1ε with respect to n and m is present.

Finally, the results of the optimization of (MS,TFT )
are shown in Tables 4 and 5, for the selected configura-
tions (GDE2, CY 2, 100) and (CROWD,O2, 100),
respectively. In this case the results show that no con-
figuration is always better than the other. Anyway, the
same behaviour observed in the two previous tables
occurs also here.

Conclusively, we can say that the experimental re-
sults obtained for the performance measures consid-

Table 5
MODEP (CROWD,O2,100) results for (MS,TFT ) objectives

n m IH I1
ε

20 5 1.411 1.007
20 10 1.404 1.011
20 20 1.368 1.011

50 5 1.398 1.050
50 10 1.369 1.048
50 20 1.353 1.074

100 5 1.367 1.063
100 10 1.354 1.091
100 20 1.285 1.115

200 10 1.270 1.097
200 20 1.251 1.111

ered are close to their optimal theoretical values (1.44
for IH and 1 for I1ε ), thus indicating very good perfor-
mances of the proposed algorithm.

6.3. Comparison with State-of-the-art Algorithms

In this section, we provide a comparison of MODEP
with the 23 state-of-the-art schemes considered in [26].
All the algorithms used for comparison are briefly ex-
plained or referenced in Section 2.

In order to make the comparison we aligned our re-
sults to those of [26] by considering the same refer-
ence points for IH and the same reference Pareto fronts
for I1ε . We decided to compare our results with those
of [26] obtained with the largest stopping criterion of
200 ·n ·m/2 milliseconds. Though our stopping crite-
rion is expressed in fitness evaluations we have verified
that the running time in seconds is no worse than 115%
of that of [26]. Moreover, we think that the budget of
evaluations is a more fair criterion for future compar-
isons.

The new rankings among the multi-objective PFSP
algorithms are provided in Tables 6, 7 and 8 respec-
tively for (MS,TT ), (TFT, TT ) and (MS,TFT ).
The results are ordered by the hypervolume values IH .
Furthermore, we can observe that, almost always, as
the hypervolume decreases, the epsilon indicator in-
creases. Indeed, the indicators are contradictory in very
few cases, thus indicating that the rankings provided in
the tables are somehow meaningful.

The tables clearly show that MODEP is the sec-
ond best performing algorithm (over 23) on all the
three objectives combinations. In particular, in the
(MS,TT ) and (MS,TFT ) cases (see Tables 6 and 8)
the distance from the most performing scheme, namely
MOSA_Varadharajan [44], is not worse than 0.003
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Table 6
State-of-the-art Comparison for (MS, TT ) objectives

Rank Algorithm IH I1
ε

1 MOSA_Varadharajan [44] 1.357 1.056
2 MODEP (DEMO,OB,100) 1.354 1.058
3 MOGALS_Arroyo [3] 1.301 1.080

4 PESA [10] 1.291 1.081
5 PESAII [9] 1.288 1.084
6 PGA_ALS [30] 1.255 1.118

7 MOTS [2] 1.235 1.129
8 MOGA_Murata [29] 1.195 1.138
9 CMOGA [28] 1.181 1.143

10 NSGAII [12] 1.165 1.155
11 SPEA [47] 1.164 1.155
12 CNSGAII [11] 1.162 1.154

13 ε-NSGAII [22] 1.115 1.182
14 (µ+ λ)-PAES [21] 1.110 1.183
15 ε-MOEA [11] 1.061 1.216

16 PAES [21] 1.028 1.230
17 MOSA_Suresh [41] 0.955 1.303
18 SA_Chakravarty [7] 0.870 1.410

19 PILS [15] 0.866 1.363
20 A-IBEA [48] 0.599 1.514
21 ENGA [4] 0.559 1.542

22 SPEAII [20] 0.522 1.549
23 NSGA [40] 0.490 1.593
24 B-IBEA [48] 0.417 1.637

units in both the measures, while, all the other 22 com-
petitors are sharply distant from MODEP.

In order to have a better understanding of the results
produced by MODEP, Figures 1, 2 and 3 show the plot
of a MODEP run against the best known Pareto front
from [26] on a few problem instances. The shown in-
stances are the first ones of the (n = 100,m = 5)
and (n = 200,m = 20) groups for the (MS,TT )
and (MS,TFT ) objectives (Figures 1 and 3), while,
for the (TFT, TT ) case (Figure 2), due to the small
cardinality of the best known Pareto front on the pre-
vious instances, the first instance of the groups (n =
50,m = 20) and (n = 100,m = 20) have been cho-
sen. In order to analyze the plots, we recall that the
best known Pareto front provided in [26] are a merge
of solutions obtained by 23 different algorithms, thus,
potentially, no single algorithm is able to generate the
Pareto front provided.

The plots show that the Pareto fronts obtained by
MODEP are very close to the best known ones. In par-
ticular, in some cases, as for example in Figures 3a
and 3b, some MODEP solutions are not dominated

Table 7
State-of-the-art Comparison for (TFT, TT ) objectives

Rank Algorithm IH I1
ε

1 MOSA_Varadharajan [44] 1.375 1.036
2 MODEP (CROWD,O2,100) 1.369 1.056
3 MOGALS_Arroyo [3] 1.324 1.061

4 PGA_ALS [30] 1.315 1.074
5 MOTS [2] 1.309 1.067
6 PESA [10] 1.263 1.088

7 PESAII [9] 1.262 1.087
8 (µ+ λ)-PAES [21] 1.200 1.121
9 MOGA_Murata [29] 1.198 1.120

10 CMOGA [28] 1.188 1.125
11 NSGAII [12] 1.176 1.134
12 CNSGAII [11] 1.171 1.135

13 SPEA [47] 1.157 1.141
14 ε-NSGAII [22] 1.144 1.148
15 ε-MOEA [11] 1.111 1.164

16 PAES [21] 1.066 1.197
17 MOSA_Suresh [41] 1.048 1.216
18 PILS [15] 0.900 1.334

19 SA_Chakravarty [7] 0.584 1.498
20 SPEAII [20] 0.445 1.576
21 ENGA [4] 0.397 1.635

22 A-IBEA [48] 0.339 1.670
23 NSGA [40] 0.338 1.686
24 B-IBEA [48] 0.338 1.671

from the known ones and, more interestingly, they
dominates some known solutions. Therefore, new best
known Pareto front can be obtained by merging the
previous ones with the solutions provided by MODEP.

Summarizing, in the light of the results provided we
can conclude that MODEP is among the state-of-the-
art algorithms for the multi-objective PFSP problems.

7. Conclusion and Future Work

In this paper we have described an algorithm for
optimization of multi-objective permutation flowshop
scheduling problems using the algebraic differential
evolution approach.

This is the first application of the algebraic-based
discrete DE to multi-objective problems. A large va-
riety of crossover and selection operators available
in literature have been implemented in the algorithm.
Among these, the multi-objective α-selection is a nov-
elty of this work and can be decoupled from DE and
used also in other evolutionary algorithms.
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(a) Obj. (MS,TT ) - Inst. Ta061 (n = 100,m = 5)

(b) Obj. (MS,TT ) - Inst. Ta101 (n = 200,m = 20)

Fig. 1. Pareto Fronts Comparisons on (MS, TT ) - MODEP vs Best Known
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(a) Obj. (TFT, TT ) - Inst. Ta051 (n = 50,m = 20)

(b) Obj. (TFT, TT ) - Inst. Ta081 (n = 100,m = 20)

Fig. 2. Pareto Fronts Comparisons on (TFT, TT ) - MODEP vs Best Known



M. Baioletti et al. / MODEP 13

(a) Obj. (MS,TFT ) - Inst. Ta061 (n = 100,m = 5)

(b) Obj. (MS,TFT ) - Inst. Ta101 (n = 200,m = 20)

Fig. 3. Pareto Fronts Comparisons on (MS, TFT ) - MODEP vs Best Known
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Table 8
State-of-the-art Comparison for (MS,TFT ) objectives

Rank Algorithm IH I1
ε

1 MOSA_Varadharajan [44] 1.350 1.061
2 MODEP (CROWD,O2,100) 1.348 1.062
3 MODEP (GDE2,CY2,100) 1.345 1.062

4 MOGALS_Arroyo [3] 1.336 1.064
5 MOTS [2] 1.312 1.083
6 PESA [10] 1.275 1.091

7 PGA_ALS [30] 1.272 1.122
8 PESAII [9] 1.268 1.093
9 MOGA_Murata [29] 1.176 1.146

10 CMOGA [28] 1.167 1.149
11 CNSGAII [11] 1.133 1.168
12 NSGAII [12] 1.128 1.173

13 SPEA [47] 1.122 1.173
14 (µ+ λ)-PAES [21] 1.077 1.196
15 ε-NSGAII [22] 1.077 1.199

16 ε-MOEA [11] 1.040 1.226
17 PAES [21] 0.980 1.252
18 MOSA_Suresh [41] 0.922 1.314

19 PILS [15] 0.861 1.367
20 SA_Chakravarty [7] 0.781 1.431
21 ENGA [4] 0.477 1.604

22 SPEAII [20] 0.458 1.600
23 B-IBEA [48] 0.425 1.631
24 A-IBEA [48] 0.424 1.631

25 NSGA [40] 0.409 1.658

The experimental results show that this method is
promising and reaches results which are comparable to
the state-of-the-art algorithms. Since the best MODEP
configurations in the different objectives combina-
tions are all different, as a future work, we would
like to explore the possibility of designing a meta
MODEP which automatically chooses the selection
and crossover, for instance by a self-adapting scheme.
Another possible line of research is to extend our in-
vestigation to other objective functions, like earliness,
number of tardy jobs, etc.

Finally, we would like to test our multi-objective
differential evolution algorithm also in other multi-
objective combinatorial optimization problems, for in-
stance the multi-objective knapsack problem.
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